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ABSTRACT. In this study, by using the concept of locally artinian supple-
mented modules, we have obtained weakly locally artinian supplemented mod-
ules as a proper generalization of these modules in module theory. Our results
generalize and extend various comparable results in the existing literature. We
have proved that the notion of weakly locally artinian supplemented modules
inherited by factor modules, finite sums and small covers. We have obtained
that weakly locally artinian supplemented modules with small radical coin-
cide with weakly (radical) supplemented modules which have locally artinian

radical. Also, we have shown that if N and % are weakly locally artinian

supplemented for some submodule N C M which has a weak locally artinian
supplement in M then M is weakly locally artinian supplemented.

1. INTRODUCTION

Throughout this paper, the ring R will denote an associative ring with identity
element and modules will be left unital. We will use the notation U < M to stress
that U is a small submodule of M. A submodule N C M is said to be essential in M,
denoted as N<M, if NNK # 0 for every non-zero submodule K C M. By Rad(M)
we denote the sum of all small submodules of M or, equivalently the intersection
of all maximal submodules of M. Soc(M) will indicate socle of M which is sum of
all semisimple submodules of M. A non-zero module M is called hollow if every
proper submodule of M is small in M, and M is called local if the sum of all proper
submodules of M is also a proper submodule of M. A module M is called semilocal
if #(M) is semisimple. A ring R is said to be semilocal if % is semisimple.
By [5, Proposition 20.2], a commutative ring R is semilocal if and only if R has only
finitely many maximal ideals. M is called locally artinian if every finitely generated
submodule of M is artinian [10, 31]. A submodule V of M is called a supplement
of Uin Mif M =U+V and UNV <« V. A submodule V of M is called a
weak supplement of U in M if M = U +V and UNV <« M. The module M is
called (weakly) supplemented if every submodule of M has a (weak) supplement in
M. In [1], it is proved that the class of weakly supplemented modules need not be
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closed under extensions, that is if U and M /U are weakly supplemented for some
submodule U of M then M need not be weakly supplemented. A submodule U of
M has ample supplements in M if every submodule V' of M such that M =U +V
contains a supplement V' of U in M. The module M is called amply supplemented
if every submodule of M has ample supplements in M [10].

Let R be a a principal ideal domain (PID) with exactly one non-zero maximal
ideal, then R is said to be a Discrete valuation ring (DVR). By [13, Lemma 2.1] that
every module with small radical over a Discrete Valuation Ring, is the direct sum
of a finitely generated free module and a bounded module. In [12], he generalized
the concept of modules with small radical to radical supplemented modules. M is
called radical supplemented if Rad(M) has a supplement in M. These modules are
also a proper generalization of supplemented modules. Then, in [2], it is defined
as a module M strongly radical supplemented (or briefly srs) if every submodule
N of M with Rad(M) C N has a supplement in M. Then it is introduced that
modules whose every submodule containing the radical has a weak supplement (in
particular, over dedekind domains the radical has a weak supplement) in the module
as weakly radical supplemented module (wrs) which is a generalization of strongly
radical supplemented modules [7].

In [11], a generalization of concept of socle as a Socs(M) = > {U < M |U is
simple }. Here Socs(M) C Rad(M) and Socs(M) C Soc(M). In [3], a module M is
called strongly local if it is local and Rad(M) is semisimple. A submodule U of M is
called an ss-supplement of U in M if M = U+V and UNV C Socs(V'). The module
M is called ss-supplemented if every submodule of M has an ss-supplement in M.
A submodule U of M has ample ss-supplements in M if every submodule V' of M
such that M = U + V contains an ss-supplement V' of U in M. The module M is
called amply ss-supplemented if every submodule of M has ample ss-supplements
in M. In [8], strongly local and (amply) ss-supplemented modules are generalized
as RLA-local and (amply) locally artinian supplemented modules, respectively. A
local module M is called RLA-local if Rad(M) is a locally artinian submodule of
M. A module M is called locally artinian supplemented if every submodule U of
M has a locally artinian supplement in M, that is, V is a supplement of U in M
such that UNYV is locally artinian. M is called amply locally artinian supplemented
if every submodule U of M has ample locally artinian supplements in M. Here a
submodule U of M has ample locally artinian supplements in M if every submodule
V of M such that M = U 4 V contains a locally artinian supplement V' of U in
M.

In Section 2, it is proved that a module with a small radical is weakly locally
artinian supplemented if and only if M is weakly supplemented and Rad(M) is
locally artinian. It is also proved that finite sum of weakly locally artinian supple-
mented modules is weakly locally artinian supplemented and every factor module
of a weakly locally artinian supplemented module is weakly locally artinian supple-
mented. It is shown that a notion of weakly locally artinian supplemented modules
inherited by small cover. It is also shown that if N and % are weakly locally ar-
tinian supplemented for some submodule N C M which has a weak locally artinian
supplement in M, then M is weakly locally artinian supplemented.
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2. WEAKLY LOCALLY ARTINIAN SUPPLEMENTED MODULES

Definition 1. Let M be a module. Then M is called weakly locally artinian
supplemented if every submodule N of M has a weak supplement K in M with
N N K is locally artinian, i.e. N has a weak locally artinian supplement K in M.

By the definition, it is clear that every weakly locally artinian supplemented
module is weakly supplemented. The following example shows that the converse is
not always true.

Example 1. Consider the Z-module Q. By [1, Lemma 2.8], M =z Q is weakly
supplemented. So % is weakly supplemented because of Q is weakly supplemented.
But % is not locally artinian by [9, Theorem 3]. Since Rad(%) = %, % is not weakly
locally artinian supplemented.

Lemma 1. Let M be a weakly supplemented module and Rad(M) be a locally
artinian submodule of M. Then M is weakly locally artinian supplemented.

Proof. Let N C M. By the hypothesis, there exists a submodule K of M such
that M = N+ K, NN K < M. So NN K C Rad(M). Since Rad(M) is a locally
artinian submodule of M, N N K is a locally artinian submodule of M by [10, 31.2
(ii)]. Thus M is weakly locally artinian supplemented. O

Theorem 1. Let M be a module with small radical. Then the following statements
are equivalent.

(1) M is weakly locally artinian supplemented;

(2) M is weakly supplemented and Rad(M) has a weak locally artinian supple-
ment in M ;

(3) M is weakly supplemented and Rad(M) is locally artinian.

Proof. (1) = (2) Since M is weakly locally artinian supplemented, M is weakly
supplemented and Rad(M) has a weak locally artinian supplement in M.

(2) = (3) Since Rad(M) < M, M is a weak locally artinian supplement of
Rad(M) in M. Thus we have M = Rad(M) + M, Rad(M) = Rad(M)NM < M
and Rad(M) is locally artinian.

(3) = (1) Clear by Lemma 1. O

Since every finitely generated module has a small radical, we have:

Corollary 1. Let M be a finitely generated module. Then M is weakly locally
artinian supplemented if and only if M is weakly supplemented with locally artinian
radical.

Proposition 1. Let M be a weakly locally artinian supplemented module and
N,K C M be submodules with M = N 4+ K. Then K contains a weak locally
artinian supplement K "of N in M.

Proof. Let NN K = U. Since M is weakly locally artinian supplemented, there
exists a submodule V of M such that M = U+ V, UNV <« M and UNV is
locally artinian. Then K = KN{U+V)=U+(KNV)and M = N+ K =
N+ U+ (KNV)|=N+ (KnV). It follows that NN(KNV)=UNV « M
and U NV is locally artinian, say K' = KNV. Then we obtain that K is a weak
locally artinian supplement of N in M, as required. O
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Proposition 2. Let M be a weakly locally artinian supplemented module and NV
be a small submodule of M. Then N is locally artinian.

Proof. By the hypothesis, there exists a submodule K of M such that M = N + K,
NNK < M and N N K is locally artinian. Since N < M, M =K. So NN K =
N N M = N is locally artinian. O

Corollary 2. Let M be a weakly locally artinian supplemented module and Rad(M)
< M. Then Rad(M) is locally artinian.

Proof. Clear by Proposition 2. O

With the help of the next theorem, we verify that under special conditions,
notions of weakly locally artinian supplemented modules and weakly radical sup-
plemented modules are the same.

Theorem 2. Let M be a module with Rad(M) < M. Then the following state-
ments are equivalent.

(1) M is weakly locally artinian supplemented;

(2) M is weakly supplemented and Rad(M) has a weak locally artinian supple-
ment in M;

(3) M is weakly supplemented and Rad(M) is locally artinian;

(4) M is weakly radical supplemented and Rad(M) is locally artinian.

Proof. (1) & (2) < (3) Clear by Theorem 1.

(3) = (4) Obvious.

(4) = (1) Let N C M. By the hypothesis, N + Rad(M) has a weak supplement
K in M. Then we have M = (N +Rad(M))+ K. Since Rad(M) < M, M = N+K,
NNK C(N+Rad(M))NK <« M. So NNK <« M. Thus NNK C Rad(M). Since
Rad(M) is locally artinian, N N K is locally artinian by [10, 31.2 (ii)]. Therefore
K is a weak locally artinian supplement of N in M, as desired. (I

We will show that in the factor modules, the property is preserved in weakly
locally artinian supplemented modules just as it is in weakly supplemented modules.

Proposition 3. If M is a weakly locally artinian supplemented module, then every
factor module of M is weakly locally artinian supplemented.

Proof. Let M be a weakly locally artinian supplemented module and % be a factor
module of M. By the assumption, for any submodule N C U C M, there exists a
submodule V' of M such that M = U+V, UNV < M and UNYV is locally artinian.
Let m: M — % be the canonical projection. Then we have % = % + %,
ENBE =aUNV) < & and £ N YEE = 7(UN V) is locally artinian by [10,
31.2 (i)], as required. O

The following lemma plays a key role in showing that the notion of weakly locally
artinian supplemented modules is inherited by finite sum.

Lemma 2. Let M be a module, M7y C M, N C M and M; be weakly locally
artinian supplemented. If My + N has a weak locally artinian supplement in M,
then N has a weak locally artinian supplement in M.

Proof. Let K be a weak locally artinian supplement of M7 + N in M. Then we can
write M = (M1 +N)+ K, (M;+N)NK <« M and (M;+ N)NK is locally artinian.
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Since M, is weakly locally artinian supplemented, (N + K) N M; has a weak locally
artinian supplement L in M;, ie. M; = (N+K)NM,+L, ( N+ K)NL < M,
and (N + K)N L is locally artinian. Then M = M; +(N+ K) = [(N + K)NM; +
L+ (N+K)=N+(K+L)and NN(K+L)CKN(N+L)+LN(N+K)C
KN(N+M)+LnNn(N+K)< M. By [10, 31 (2) (i), (ii)], NN (K + L) is locally
artinian and so K + L is a weak locally artinian supplement of N in M. O

Corollary 3. Let M be an R-module, N C M and M; C M fori =1,2,...,n.
If N+ My + .-+ M, has a weak locally artinian supplement in M and M; is a
weakly locally artinian supplemented module for every ¢ = 1,2,...,n, then N has
a weak locally artinian supplement in M.

Corollary 4. Let M = M; + Ms. If M; and Ms are weakly locally artinian
supplemented modules, then M is a weakly locally artinian supplemented module.

The following corollary is obtained from the previous result by applying induc-
tion.

Corollary 5. A finite sum of weakly locally artinian supplemented modules is
weakly locally artinian supplemented.

Recall from [6] that N is a small cover of a module M if there exists an epimor-
phism f: N — M such that Ker(f) < M.

Lemma 3. Let M be a weakly locally artinian supplemented module. Then every
small cover of M is weakly locally artinian supplemented.

Proof. Let N be a small cover of M. Then there exists an epimorphism f : N — M
such that Ker(f) < N. Note that f~}(K) < N for every K < M holds since
Ker(f) < N. Let L C N. Then f(L) has a weak locally artinian supplement of X
in M. Note that M = X + f(L), X N f(L) < M and X N f(L) is locally artinian.
Again it is easy to check that f~1(X) is a weak locally artinian supplement of L in
N. O

Proposition 4. Let M be a weakly locally artinian supplemented module. Then
every locally artinian supplement in M is weakly locally artinian supplemented.

Proof. Let K be a locally artinian supplement of N in M. Then we have M =
N+ K, NNK < K and N N K is locally artinian. % = (NIm(K) is weakly locally
artinian supplemented by Proposition 3. By Lemma 3, K is weakly locally artinian

supplemented. ([l

Corollary 6. Let M be a weakly locally artinian supplemented module. Then
every locally artinian direct summand in M is weakly locally artinian supplemented.

Proof. Since every locally artinian direct summand is locally artinian supplement,
the proof follows from Proposition 4. (I

Recall that a submodule N C M is called closed in M if N <K for some K C M
implies K = N. A submodule N C M is called coclosed in M if % < % for some
K C M implies K = N.

Theorem 3. Let 0 — K — M — N — 0 be a short exact sequence. If
K and N are weakly locally artinian supplemented and K has a weak locally ar-
tinian supplement in M then M is weakly locally artinian supplemented. If K
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is coclosed locally artinian submodule in M then the converse holds, that is if M
is weakly locally artinian supplemented then K and N are weakly locally artinian
supplemented.

Proof. Without restriction of generality we will assume that K C M. Let T be a
weak locally artinian supplement of K in M i.e. M = K+T, KNT < M and KNT
is locally artinian. Then we have, (KAr{T) = (KléT) 52 (K%T). Since (KiléT) is a factor

module of K, ﬁ is weakly locally artinian supplemented by Proposition 3. On

the other hand, ﬁ = % =~ N is weakly locally artinian supplemented by the
hypothesis. Then, by Corollary 5, (Kil‘fﬂ,) is weakly locally artinian supplemented
as a finite sum of weakly locally artinian supplemented modules. It follows from
Lemma 3 that M is weakly locally artinian supplemented.

Suppose that M is weakly locally-artinian supplemented and K is a coclosed
locally-artinian submodule in M. Then K NT <« K by [4, Lemma 1.1] and K NT
is locally artinian by [10, 31.2 (ii)] i.e. K is a locally artinian supplement of T in
M. Therefore K is weakly locally artinian supplemented by Proposition 4. ]

Recall from [6, Theorem 3.5] that a ring R is semilocal if and only if every R-
module with small radical is weakly supplemented. By using Theorem 1, we have
the following Proposition.

Proposition 5. Let R be a semilocal ring and M be an R-module. Suppose N C M
such that &£ is finitely generated and Rad(4%) is locally artinian. If N is weakly
locally artinian supplemented then M is weakly locally artinian supplemented.

Proof. Suppose % is generated by m; + N, mo+ N, ..., m,+N. For the submodule
K = Rmi+ Rms+---+ Rm,, we have M = N + K. Then M is weakly locally
artinian supplemented by Corollary 4. (]

3. CONCLUSION

The aim of this paper is to reveal the existence of the concept of weakly locally
artinian supplemented modules. Our results improve and generalize some known
results on locally artinian supplemented modules.
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