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Science, Department of Computer Science In Analytic Hierarchy Process (AHP), which is a very common method in Multi-
Criteria Decision Making (MCDM) problems, the use of fuzzy set theory, which
allows human judgment to be expressed more realistically, has gained popularity in
recent years. However, this situation causes more computational complexity due to
the way fuzzy numbers are expressed and the operators used. In this study, the results
of real various problems in a hierarchical structure with the Magnitude Based Fuzzy
Analytic Hierarchy Process (MFAHP) were compared with the results of the Modi-
fied Fuzzy Logarithmic Least Squares method (MFLLSM) and Buckley’s Geometric
Means method (GM), which are two known methods to obtain accurate weight values.
The results show that there is no statistically significant difference between MFAHP
and the results of these two methods. In the performance comparison, although it is
known that it produces incorrect results, unfortunately, the results of Chang’s Extent
Analysis method on fuzzy AHP (FEA) are also included because it is a widely used
method. As another important finding of this study, it can be said that MFAHP is
faster than both methods when the running times are compared. Finally, software for
the calculations of these methods mentioned in the study has been developed and link
shared.
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Cok Kiriterli Karar Verme (CKKYV) problemlerinde oldukca yaygin bir yontem olan
Analitik Hiyerarsi Siirecinde (AHS), insan yargisinin daha gercek¢i bir sekilde ifade
edilmesini saglayan bulanik kiime teorisinin kullanimi son yillarda 6nem kazan-
mistir. Ancak bu durum, bulanik sayilarin ifade edilme sekli ve kullanilan operatorler
nedeniyle daha fazla hesaplama karmagikli§ina neden olmaktadir. Bu caligmada, hiy-
erarsik yapidaki cesitli gercek hayat problemlerinin Magnitiide Bagli Bulanik Anal-
itik Hiyerarsi Siireci (MBAHS) ile elde edilen sonuc¢larin dogrulugu, dogru agirlik
degerleri elde etmekte kullanilan iki yontem olan Modifiye Bulanik Logaritmik En
Kiiciik Kareler yontemi (MFLLSM) ve Buckley’nin Geometrik Ortalamalar yon-
temi (GM) sonuglan ile karsilastirilmistir. Sonuglar, MBAHS ile bu iki yontemin
sonuglari arasinda istatistiksel olarak anlamli bir fark olmadigini gostermektedir. Per-
formans karsilagtirmasinda hatali sonuclar iirettigi bilinse de ne yazik ki yaygin olarak
kullanilan bir yontem oldugu i¢in bulanik AHS’de Chang’in Extent Analizi (CEA)
yontemi sonuclart da yer almaktadir. Bu ¢alismanin bir diger 6nemli bulgusu olarak
caligma siireleri kargilagtirildiginda da MBAHS nin her iki yontemden daha hizh
oldugu sdylenebilir. Son olarak ¢aligmada ad1 gecen bu yontemlerin hesaplamalarinin
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1. INTRODUCTION

In its most general definition, decision-making problems are described as the problem of one or more decision-makers
choosing one or more of the alternatives by considering various criteria and possibly the sub-criteria of these criteria.
However, as the number of decision-makers, criteria, and alternative concepts, which are the fundamental concepts
of this definition, increases, the problem’s solution becomes quite complex. For this reason, Multi-Criteria Decision
Making (MCDM) methods are used to help decision-makers choose alternatives, especially in complex decision-making
processes, by considering the criteria analytically..

The Analytic Hierarchy Process (AHP) method proposed by Saaty (1977; 1980) is widely preferred among the
different MCDM methods. Prioritization, resource allocation, business process reengineering, quality management,
and planning are some of the domains where the AHP method is applied (Vaidya & Kumar, 2006; Korkmaz, Gokcen
& Cetinyokus, 2008; Amiri, 2010; Dweiri, Kumar, Khan & Jain, 2016).

The reasons for the widespread use of this method are the hierarchical structure of the problems, the ease of
calculation, and the calculation of both criterion weights and alternative priorities. AHP provides a hierarchical
structure for a problem, starting with the goal and continuing through criteria, sub-criteria, and alternatives. This
method enables decision-makers to systematically evaluate relations and see more clearly what to compare. Thus, the
global priorities of the alternatives are determined by making pairwise comparisons of the necessary elements. Pairwise
comparisons, on the other hand, are frequently ambiguous. Because the number of elements to be compared increases,
it becomes difficult to compare each pair with exact numbers (Xu & Liao, 2013). As it is known, linguistic expressions
in Saaty’s relative importance scale are represented in ascending order of importance, from 1 for "equally important"
to 9 for "extremely more important". However, studies on fuzzy AHP have started to increase rapidly with the use of
fuzzy numbers with the thought that they can better reflect these linguistic expressions instead of the integers defined
for the linguistic expressions in the scale. As a result, fuzzified techniques have gained popularity in recent decades,
and various fuzzy AHP (FAHP) methods have been presented (Liu, Eckert & Earl, 2020). However, integrating the
concept of fuzziness into the AHP complicates the computational process. The use of fuzzy sets in AHP, on the other
hand, makes the computing process more difficult. For this reason, FAHP methods, which give accurate results similar
to the classical AHP method and can be applied easily at the same time, should become widespread.

The main motivation of this study is to evaluate the results of the Magnitude Based Fuzzy Analytic Hierarchy
Method (MFAHP), a new FAHP method proposed by (Kinay & Tezel, 2022), on real examples. In this evaluation,
the results of the Geometric Mean Method (GM) (Buckley, 1985) and Modified Fuzzy Logarithmic Least Squares
Method (MFLLSM) (Wang, Elhag & Hua, 2006) were considered. Because using these two methods, accurate results
are obtained. However, both methods, especially MFLLSM, are difficult to apply, especially in social sciences, and the
computational load is high. In addition, Fuzzy Extent Analysis (FEA) (Chang, 1996) results are also included in the
comparisons. This method is widely used due to its easy application, but unfortunately, it produces wrong results and
the necessity of not using it has been mentioned in various studies (Liu et al., 2020; Ahmed & Kili¢, 2019). Although
the computational load is significantly lower than other methods, studies are still being carried out to cope with the
rapidly increasing computational load depending on the problem structure and representation. In summary, a parallel
computing method has been developed (Balli & Bahadir, 2013), which allows the system to run faster and increases
efficiency and performance for FEA operations that require a large number of computation-intensive operations. In this
study, according to the results obtained from real numerical examples, the fact that the working time of the MFAHP
method is not significantly different from the FEA can be considered an important advantage of the MFAHP method
over the MFLLSM and GM methods, where accurate results are obtained. Therefore, the research hypothesis of our
study is that the MFAHP method will provide accurate results while requiring less computation time compared to the
GM and MFLLSM methods on real examples.

The main research contributions (RC) of this study can be summarized as follows:

e RCI1: It is statistically shown that the results obtained using the MFAHP method are as accurate as the results
obtained using the GM and MFLLSM methods.

e RC2: It is shown that the MFAHP method is faster in terms of computation time.

e RC3: Software has been developed and shared for the solution of all methods used in the study.

The rest of this paper is structured as follows. Related studies are presented in Section 2. The information used in the
content of the study and the application of the MFAHP method on an example and the results are described in Section
3. The performance comparisons of the MFAHP with the MFLLSM, the GM, and the FEA are presented in Section 4.
And finally, conclusions will be highlighted in Section 5.
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2. RELATED WORKS

In (Mardani, Jusoh & Zavadskas, 2015), the applications and methods of fuzzy Multi-Criteria Decision Making
(FMCDM) methods have been reviewed and it has been said that AHP and FAHP methods are the most preferred
methods in decision-making problems. In 1983, the first method of FAHP was proposed (Van Laarhoven & Pedrycz,
1983). The Fuzzy Logarithmic Least Squares Method (fuzzy LLLSM) is used to derive weights in the type of triangular
fuzzy numbers from pairwise comparison matrices containing triangular fuzzy numbers. Buckley (1985) used the
trapezoidal numbers and the geometric mean approach to achieve the fuzzy pairwise comparison. Kwiesielewicz
(1996) presented a generalized pseudo-inverse approach that used spectral decomposition to solve the fuzzy LLSM.
In (Boender, 1989), a change in the normalization process is proposed to prevent deviations in weight values resulting
from the normalization process used in the fuzzy LLSM method. Ruoning and Xiaoyan (1996) developed a fuzzy
LLSM depending on the notion of distance in a fuzzy evaluation scale. In (Chang, 1996), the extent analysis method on
fuzzy AHP (FEA) was proposed by Chang by obtaining synthetic extent values of pairwise comparisons. Biiyiikozkan
et al. (2004) provide a survey of FAHP algorithms with their main features, advantages, and disadvantages. The fuzzy
LLSM approach presented in (Van Laarhoven & Pedrycz, 1983) was developed by (Wang, Luo & Hua, 2008) and it
was named modified fuzzy LLSM (MFLLSM). This method can be expressed as a constrained nonlinear optimization
model proposed such that normalized triangular fuzzy weights can be obtained.

It is also mentioned in (Wang, Luo & Hua, 2008) that real weights cannot be obtained with the FEA method, and
this may lead to wrong decisions. However, Kubler et al. (2016) emphasize that owing to its simplicity of use, it is still
a popular method in many domains. According to Ahmed & Kili¢ (2019), FEA produces the least accurate results.

The main purpose of this study is to evaluate the performance of MFAHP results on real examples in a hierarchical
structure and to show that this method gives accurate results and has a low computational load. In order to derive
weight values or in other words the priority vectors, in the MFAHP method, the magnitude value of each fuzzy number
was considered as suggested in (Abbasbandy & Hajjari, 2009). Studies show that in fuzzy AHP methods, comparison
judgments are expressed as triangular fuzzy numbers in pairwise comparison matrices at a rate of 91% (Lie et al.,
2020). Therefore, for the magnitude calculation used in the MFAHP method, the method suggested by (Abbasbandy &
Hajjari, 2009) was preferred, which gives sufficient results in the comparison of fuzzy triangular numbers.

In this study, all examples used in calculations were obtained from articles published in indexed journals. Therefore,
we did not check again the consistencies of the fuzzy pairwise comparison matrices which are used as the preference
relations in the examples mentioned in Section 4.

3. BASIC CONCEPTS AND METHODS

3.1. Fuzzy Membership Function

The concept of fuzzy sets, first proposed in (Zadeh, 1965), is used to solve problems with ambiguous descriptions.
Fuzzy sets can be thought of as a general representation of crisp sets and these are the sets of objects defined by a
membership function. The membership function determines the degree of belonging of the elements to the related set.
The degree of belonging of the elements to the set can take all membership degrees from "does not belong to the set"
to "belongs to the set". That is, the degree of belonging of the elements to the related set is defined in [0,1].

The following is the definition of the triangular fuzzy membership function as used in the examples in Section 4 of
this study.

Definition 1. A = ([m,u) on U=(-00, o) is expressed as a triangular fuzzy number, and its membership function
pa: U — [0,1] is given as:

E):n_—l; , Il<x<m
1 , X=m
pa(x) = (u —x) (D
, m<x<u
(u—m)
0 , otherwise
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3.2. Extent Analysis on Fuzzy AHP

The extent analysis on fuzzy AHP (FEA) was proposed by Chang (1996) and it is summarized as follows.
The following is a fuzzy pairwise comparison matrix with judgments expressed as triangular fuzzy membership
functions:

(1,1,1) (2, miz,u12) ... (g, Min, U1n)
(21, ma1, u21) (L,1,1) oo (o, mop, uzy)
A= (aij)nxn = . . . . 2)
(In1, my1, unl) (an, my, ”n2) cee (1,1,1)

where a;j=(l;;,m;;,u;; ), and a;;= ai‘j1=(1/u,-j,1/m,-j,1/1,-j ) for i,j = 1,...n, i#j. First, the sum values for the rows of
the fuzzy pairwise comparison matrices are obtained as follows:

n n n

RSi:Zn:aij: Zlij’zmij’zuij ,i=1,...,n. (3)
Jj=1

J=1 J=1 J=1

Then in the second step, the row sums are normalized as in Equation (4).

n

-1
n n n n n
RS, o1 i 2oy mij 2oy Uij
S.: ai: ® E agi = = . . ,i=1,...,l’l. (4)
! Z Y Z / Z?:] RS; 2=l Z;'lzl Ukj Y=y Z;'l=1 Mij L=t 2zt i

j=1 k=1 j=1 J=1

In the third step, Equation (5) is used to calculate each possibility value:

1 s m; = m;
V(S; > S;) = (i = 1)) li <ujij=1,...,nj #i (5)
S i = mi) + (my =) T U
0 , otherwise

where S;=(1;,m;,u; ) and S j=(1;,m;,u; ) and V(S; > S; ) value is shown in Fig.1.

,H(.T]“

I. - L

V(S 28 |-t ,

.

Y

0 J';' Mni; !'}' H mi I X
Figure 1. . Graphical representation of V(S; > S; ).

In the fourth step, the degree of possibility of S; over all other (n-1) fuzzy numbers is calculated as:

min

VISiz Sjly=Lcomi®z D= icq e

V(SiZSj,izl,...,l’l. (6)

Finally, the weight values are obtained as follows.
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V(SiZSj|j=1,...,n;j¢i) .
Wi = =3 - - ,i=1,...,n. (7
2 VS =2S;lj=1,....nj #k)

where the weight values are crisp values.

3.3. Geometric Mean Method

The Geometric mean method was proposed by Buckley in 1985. In the first step, for each fuzzy pairwise comparison
matrix expressed as in Equation (2), the geometric mean of each criterion is calculated as follows:

zl-z(n::laij)l/n,izl,...,n. (8)

Then, weight values r; of each criterion or each alternative are obtained by Equation (9) as follows:

r=z2®[2100®... dz,]! ©)
In the third step, obtained weight values are converted into crisp values by using the Center of Area defuzzification

method as in Equation (10):

Si: l,-+m3,-+u,-

In the final step, these weight values are normalized by Equation (11) to obtain the normal weight values.

,i=1,...,n. (10)

wi=———,i=1,...,n. (11D
where the weight values are crisp values.

3.4. Modified Fuzzy Logarithmic Least Squares Method

The MFLLSM is improved by Wang et al. (2006) to determine the local fuzzy weights of the fuzzy pairwise
comparison matrix in Equation (2). Each decision problem that was used in calculations in Section 4 has only one
decision-maker. Therefore, the way the method is defined in (Wang et al., 2008) is as follows.

n n
minJ = Z Z ((lnwiL - lnij - lnlij)2 + (Inw ™M - lnij - l”mij)2 + (Inw;Y — anjL _ lnuij)z) (12)
i=1 j=1,j#i
WlL +Z?=l J#L W§] = 1’
wll.] + Z;‘_l’j# wJL. <1,
S srowM =1 i=...n (13)

After this stage, the global fuzzy weights can be obtained by solving the following two linear programming models

and an equation for each decision alternative A; (i=1,. .. ,n) as follows:
min -
L _ L -
Wy, = We Qu Zwijwj,l =1,..,n, (14)
Jj=1
min <
U _ U, = :_
WA T we Ow Zwijw],l—,l...,n, (15)
j=1
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m
wht =Y whwh i=1,.. .n, (16)

where Qw=W=(w1,...,wm ) | W]L-S w;< W?,Z;-"zl w; =1,j=1,...,m is the set of weights, (w]L.,wM,w;]) is the

J
normalized fuzzy weight of criterion j (j=1,. .. ,m), and (WiLj,W% ,wg ) is the normalized fuzzy weight of alternative A;

concerning the criterion j (i=1,. .. ,n; j=1,...,m).

3.5. Magnitude-Based Fuzzy Analytic Hierarchy Process

In many disciplines, ranking fuzzy numbers is an important part of decision-making, and numerous scholars have
created various ranking approaches (Abbasbandy & Hajjari, 2009; Wang & Kerre, 2001a; Wang & Kerre, 2001b;
Chutia & Chutia, 2017; Bortolan & Degani, 1985).

In FAHP methods, preferred values in fuzzy pairwise comparison matrices are usually normal triangular fuzzy
numbers. This means that the height of the triangular membership function is equal to 1. For this reason, the magnitude
of a fuzzy number proposed by (Abbasbandy & Hajjari, 2009), which forms the basis of the MFAHP method proposed
by (Kinay & Tezel, 2022), has been preferred because it is easy and effective for FAHP calculations. The MFAHP
method is defined in (Kinay & Tezel, 2022) as follows.

In the first step, row sum values for each fuzzy pairwise comparison matrix are obtained using Equation (3).

The second step is to apply the normalization process as stated in (Wang et al., 2008; Wang & Elhag, 2006) as follows.

S RS; j=1 lij Xijoimij oy Uij _
- = , , ,i=1,...,n
l j-1 RS Gt bij + Dot ki 2t Uk Demy T Do Mk Doy Uij + Dkt ki 21 bk
a7
In the third step, the magnitude values of each S; value are calculated as given in Equation (18).
I +10m; +u;
Mag(s;) = 222Gy, (18)
12
In the last step, magnitude values for each S; value are normalized by Equation (19).
M .
S L {C) - (19)
iz Mag(sj)

where the weight values are crisp values.

3.6. An example application of the MFAHP method

In this subsection, the computations of the MFAHP method were demonstrated using the example of the shipping
registry selection problem given in (Celik, Er & Ozok, 2009). This problem has three main criteria (C1, C2, and C3).
The main criteria have four, three, and three sub-criteria (C11-C14, C21-C23, and C31-C33), respectively, and it is
intended to determine the most preferred one among the four alternatives (A1-A4). Detailed information about this
problem, its hierarchical structure, and fuzzy pairwise comparison matrices can be found in (Celik, Er & Ozok, 2009).

The MFAHP method will be illustrated step-by-step using the fuzzy pairwise comparison matrix values which are
generated for the three criteria in Table 1.

Table 1. Fuzzy pairwise comparison matrix for three criteria

Criteria Cl C2 C3
Cl (1,1, 1) (5/2,3,7/2) (3/2,2,5/2)
C2 (2/7, 1/3, 2/5) (1,1, 1) (2/3, 1, 3/2)
C3 (2/5,1/2,2/3) (2/3,1,3/2) 1,1, 1)
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As the first step, RS; values are calculated for each criterion using Equation (3), and the results were obtained as
follows;
RS=(5.0000,6.0000,7.0000)
RS,=(1.9524,2.3333,2.9000)
RS3=(2.0667,2.5000,3.1667)

Table 2. Results obtained with MFAHP.

Local weights of alternatives with respect to C1

Cl1 Cl12 Cl13 Cl4 Weights
Weights 0.2007 0.2012 0.2567 0.3413
Al 0.1235 0.1478 0.2012 0.1042 0.1417
A2 0.3779 0.2839 0.2012 0.3484 0.3035
A3 0.3550 0.4117 0.2012 0.3228 0.3159
A4 0.1436 0.1566 0.3964 0.2245 0.2387
Local weights of alternatives with respect to C2
C21 C22 C23 Weights
Weights 0.2315 0.5527 0.2158
Al 0.1725 0.3352 0.3762 0.3064
A2 0.2294 0.2332 0.2966 0.2460
A3 0.3411 0.2751 0.1636 0.2663
A4 0.2570 0.1565 0.1636 0.1813
Local weights of alternatives with respect to C3
C31 C32 C33 Weights
Weights 0.2516 0.2516 0.4969
Al 0.3324 0.2960 0.1403 0.2278
A2 0.2499 0.3788 0.4529 0.3832
A3 0.1673 0.2056 0.1786 0.1826
A4 0.2503 0.1195 0.2282 0.2064
Global weights of alternatives
Cl C2 C3 Weights
Weights 0.5510 0.2167 0.2323
Al 0.1417 0.3064 0.2278 0.1974
A2 0.3035 0.2460 0.3832 0.3096
A3 0.3159 0.2663 0.1826 0.2742
A4 0.2387 0.1813 0.2064 0.2188

In the second step, the normalization operation in Equation (17) is applied for all three rows of the matrix (the rows
represent the main criteria in this matrix) as follows.

5.0000 6.0000 7.0000
(5.0000 + 6.0667)" (10.8333)" (7.0000 + 4.0190)

S; =RS; ®[RS; ®RS»®RS3]"' = ( ) = (0.4518,0.5539, 0.6356)

(20)

Sy = RS,® RS ®RS,®RS3] ! =

( 1.9524 2.3333 2.9000

=(0.1611,0.2154,0.2910
(1.9524 + 10.1667)" (10.8333) (2.9000 + 7.0667)) ( ’ ’ )

2D

2.0667 2.5000 3.1667
(2.0667 +9.9000)” (10.8333)" (3.1667 + 6.9524)

S3=RS;® [RS) ® RS, ® RS3]™! = ( ) = (0.1727,0.2308, 0.3129)

(22)
In the third step, the magnitude values of the normalized row totals are calculated using Equation (18) as follows.

0.4518 + 10 % 0.5539 + 0.6356
Mag(S)) = hi *12 hi = 0.5522 23)

1611+ 10 %0.2154 +0.291
Mag(sy) < 21611 +10£02154402910 _ o

12
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0.1727 + 10 % 0.2308 + 0.3129
Mag(S3) = * = —0.2328 (25)

In the last step, normalized weight values are obtained with Equation (19) as follows.

W=(0.5510,0.2167,0.2323)"

Global weights are found for each alternative by multiplying the local weights according to the hierarchical structure,
starting from the sub-criteria. As a result, local and global weight values of MFAHP were obtained as in Table 2.

4. PERFORMANCE ANALYSIS

Table 3. The weights obtained by FEA, MFLLSM, MFAHP, and GM.

FEA MFLLSM MFAHP GM
Weights  Rank  Weights Rank  Weights Rank  Weights Rank
(Celik, Er & Ozok, 2009) 0.0429 4 0.1935 4 0.1974 4 0.1941 4
0.3583 2 0.3133 1 0.3096 1 0.3125 1
0.3878 1 0.2710 2 0.2742 2 0.2682 2
0.2110 3 0.2232 3 0.2188 3 0.2253 3
(Kahraman, Cebeci & Ruan, 2004) 0.0418 3 0.3088 2 0.3155 2 0.3091 2
0.6179 1 0.2845 3 0.2821 3 0.2829 3
0.3404 2 0.4081 1 0.4024 1 0.4080 1
(Arikan & Dagdeviren, 2013) 0.1672 1 0.1613 2 0.1606 2 0.1613 2
0.1337 4 0.1345 5 0.1340 5 0.1327 5
0.1295 5 0.1349 4 0.1355 4 0.1342 4
0.1235 6 0.1292 7 0.1287 6 0.1286 7
0.1640 2 0.1642 1 0.1645 1 0.1630 1
0.1628 3 0.1495 3 0.1487 3 0.1505 3
0.1193 7 0.1311 6 0.1280 7 0.1297 6
(Arif et al., 2021) 0.2560 1 0.2664 1 0.2489 2 0.2693 1
0.2560 1 0.2517 2 0.2497 1 0.2455 2
0.1970 3 0.1471 3 0.1670 3 0.1473 3
0.1806 4 0.1376 4 0.1489 4 0.1416 4
0.0894 5 0.1063 5 0.0994 5 0.1062 5
0.0210 6 0.0934 6 0.0862 6 0.0902 6
(Biiyiikozkan, Cif¢i & Giileryiiz, 2011) 0.1339 3 0.1882 4 0.1803 4 0.1841 4
0.3147 2 0.3050 1 0.3015 1 0.3027 1
0.4307 1 0.3046 2 0.2944 2 0.3008 2
0.1207 4 0.2105 3 0.2238 3 0.2124 3
(Dong, Li & Zhang, 2015) 0.4099 1 0.3609 1 0.3626 1 0.3600 1
0.2672 3 0.3100 3 0.3031 3 0.3070 3
0.3229 2 0.3310 2 0.3342 2 0.3329 2
(Dong, Li & Zhang, 2015) 0.4234 1 0.3553 1 0.3569 1 0.3530 2
0.2513 3 0.2953 3 0.2876 3 0.2930 3
0.3253 2 0.3512 2 0.3555 2 0.3540 1
(Aydogan, Demirtas & Dagdeviren, 2015) 0.1617 2 0.3163 2 0.3153 2 0.3173 2
0.6959 1 0.4020 1 0.3996 1 0.3996 1
0.1425 3 0.2827 3 0.2852 3 0.2831 3
(Isaai et al., 2011) 0.4686 1 0.3648 1 0.3658 1 0.3662 1
0.2796 2 0.3095 3 0.3154 3 0.3073 3
0.2518 3 0.3284 2 0.3187 2 0.3265 2
(Jaganathan, Erinjeri & Ker, 2007) 0 4 0.0738 4 0.0719 4 0.0735 4
0.3467 1 0.3392 2 0.3725 1 0.3549 1
0.3328 2 0.3647 1 0.3169 2 0.3474 2
0.3205 3 0.2257 3 0.2387 3 0.2242 3
(Pras¢evi¢ & Prascevic, 2016) 0.6372 1 0.4206 1 0.4227 1 0.4221 1
0.2926 2 0.3281 2 0.3297 2 0.3295 2
0.0702 3 0.2516 3 0.2476 3 0.2484 3
(Sehra, Brar & Kaur, 2013) 0.2338 2 0.3191 2 0.2920 2 0.2972 2
0.1952 3 0.2842 3 0.2689 3 0.2842 3
0.5711 1 0.3967 1 0.4391 1 0.4186 1
(Yuen & Henry, 2008) 0.2214 3 0.3282 2 0.3249 2 0.3298 2
0.4157 1 0.3600 1 0.3607 1 0.3558 1
0.3630 2 0.3127 3 0.3143 3 0.3144 3
(Tyagi et al., 2017) 0 3 0.1703 3 0.1848 3 0.1711 3
0 3 0.1971 2 0.2311 2 0.1955 2
0.8475 1 0.4746 1 0.4288 1 0.4726 1
0.1525 2 0.1615 4 0.1553 4 0.1608 4
(Aydogan, Delice & Papajorgji, 2013) 0.4270 1 0.3113 1 0.3169 1 0.3089 1
0.0898 4 0.2125 3 0.2068 4 0.2115 3
0.1121 3 0.2088 4 0.2100 3 0.2086 4
0.3711 2 0.2707 2 0.2663 2 0.2710 2

The global weights of the examples used to compare these four methods are shown in Table 3. When all the examples’
global weights are considered, MFLLSM, MFAHP, and GM provide remarkably similar results and ranks, with a few
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exceptions. FEA, on the other hand, has the same rankings in just five of fifteen examples. In the example with seven
alternatives (Arikan & Dagdeviren, 2013), the top five rows in ranked alternatives are the same for MFAHP, MFLLSM,
and GM results. However, for the same example, only the third-ranking value of the FEA method is the same as the
other methods.

At this stage, it is important to analyze these similarities and differences observed in Table 3. Therefore, the analysis of
variances method (ANOVA) was used to determine the similarity of the results obtained by FEA, MFLLSM, MFAHP,
and GM. It determines statistical differences between the mean differences of absolute error values of global weights
between the methods. It is important to note that while ANOVA can show that at least two of the groups are significantly
different from each other, it cannot show which groups are different from each other. Therefore, a post hoc test was
performed to analyze the results further. The equality of variances was first checked using Levene’s test, and the
normality assumption was checked using the Q-Q plot. The results show that the assumptions of variance homogeneity
and normality were violated in all instances. Therefore, Kruskal-Wallis Test for independent samples, given in Table 4,
was used, indicating that the methods do not produce significantly similar results based on absolute error values.

But it does not indicate which subgroups are causing this difference. As a result, Mann-Whitney post hoc tests
were used to further investigate Kruskal-Wallis results, as given in Table 5. Also, graphical representations of mean
differences are presented in Fig.2. Mann-Whitney tests and Fig.2 shows that FEA produces significantly different results
than others. When MFLLSM, MFAHP, and GM are compared, it is seen that they have remarkably similar performance.

Table 4. Kruskal-Wallis test result for independent samples.

Total N 342
Test Statistic 187.401*
Degree of Freedom 5
Asymptotic Sig.(2-sided test) 0.000

? The test statistic is adjusted for ties.

Table 5. Mann-Whitney tests for pairwise comparisons of absolute value of weight differences.

Test Statistic Std. Test Sig. Adj. Sig.®
Statistic

MFLLSM-GM vs MFAHP-GM -42.430 -2.291 0.022 0.329

MFLLSM-GM vs MFLLSM-MFAHP 51.877 2.801 0.005 0.076
MFLLSM-GM vs FEA-MFAHP 171.772 9.275 0.000 0.000*
MFLLSM-GM vs FEA-MFLLSM 175.009 9.450 0.000 0.000*
MFLLSM-GM vs FEA-GM 176.018 9.504 0.000 0.000*

MFAHP-GM vs MFLLSM-MFAHP 9.447 0.510 0.610 1.000
MFAHP-GM vs FEA-MFAHP 129.342 6.984 0.000 0.000*
MFAHP-GM vs FEA-MFLLSM 132.579 7.159 0.000 0.000*
MFAHP-GM vs FEA-GM 133.588 7.213 0.000 0.000*
MFLLSM-MFAHP vs FEA-MFAHP 119.895 6.474 0.000 0.000*
MFLLSM-MFAHP vs FEA-MFLLSM 123.132 6.649 0.000 0.000*
MFLLSM-MFAHP vs FEA-GM 124.140 6.703 0.000 0.000*

FEA-MFAHP vs FEA-MFLLSM 3.237 0.175 0.861 1.000

FEA-MFAHP vs FEA-GM -4.246 -0.229 0.819 1.000

FEA-MFLLSM vs FEA-GM -1.009 -0.054 0.957 1.000

Each row tests the null hypothesis that the  Samp-I1 and  Samp-2  dists are the  same.
Asymptotic significances (2-sided tests) are displayed. The significance level is .05.

2 Significance values have been adj. by the Bonferroni correction for multiple tests.

* Absolute value of weight differences is significant at the 0.05 level.

As a result, FEA is not a suitable method to obtain priorities from the fuzzy pairwise comparison matrix in that it
can assign an unreasonable zero value as weights of some essential sub-criteria and criteria. These assignments lead
to inaccurate results. Because the weights obtained by FEA do not indicate the relative importance of alternatives or
criteria, this method is not recommended for use.

On the other hand, we claimed that MFAHP produces results close to the results of MFLLSM, and GM while reducing
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the cost of computation to the level of FEA at least. MFLLSM involves complicated calculations, which cannot be
performed easily without using professional optimization software packages, to obtain the local fuzzy weights by
solving a constrained nonlinear optimization model for each fuzzy comparison matrix although it makes a correct
decision and handles all these problems. However, MFAHP, GM, and FEA have a much lower processing load. This
situation easily can be seen in Table 6 and in Fig.3.

0800+
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Mean of Df_MSE

0200+

0000

T T T T T T
FEA_MFLLSM FEA_MFAHP FEA_GM MFLLSM_MFAHP MFAHP_GM MFLLSM G
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Figure 2. Graphical representation of mean differences of weights.

Table 6. CPU time of the implementations(in seconds)(Sorted in ascending order according to the values of the MFAHP)

Ref No FEA MFLLSM MFAHP GM
(Isaai etal., 2011) 1.82E-05 1.580142 1.05E-05 1.500E-04
(Biiyiikézkan & Cifci, 2011) 1.70E-05 3.219868 1.16E-05 1.421E-04
(Pradcevi¢ & Pradéevié, 2016) 2.40E-05 1.792041 1.37E-05 2.049E-04
(Dong, Li & Zhang, 2015) 2.11E-05 1.797718 1.39E-05 1.918E-04
(Dong, Li & Zhang, 2015) 2.16E-05 1.793572 1.42E-05 2.103E-04
(Sehra, Brar & Kaur, 2013) 2.24E-05 1.812290 1.43E-05 2.353E-04
(Jaganathan, Erinjeri & Ker, 2007) 3.42E-05 2.298624 1.94E-05 3.886E-04
(Aydogan, Delice & Papajorgiji, 2013) 2.77E-05 2.300450 1.97E-05 3.294E-04
(Arikan & Dagdeviren, 2013) 5.28E-05 6.117062 4.05E-05 5.963E-04
(Celik, Er & Ozok, 2009) 6.23E-05 7.209692 4.24E-05 6.851E-04
(Aydogan, Demirtas & Dagdeviren, 2015) 7.78E-05 9.279611 5.55E-05 8.203E-04
(Tvagietal., 2017) 11.06E-05 11.689248 7.62E-05 13.782E-04
(Kahraman, Cebeci & Ruan, 2004) 10.09E-05 13.257331 7.80E-05 14.571E-04
(Yuen & Henry, 2008) 12.28E-05 12.222307 9.49E-05 12.977E-04
(Arif et al.. 2021) 26.79E-05 21.035452 16.61E-05 33.436E-04

In addition, the Kruskal-Wallis test for independent samples, presented in Table 7, and Mann-Whitney post hoc tests
in Table 8 confirm that there is no difference between MFAHP and FEA in terms of running time among these four
approaches, whereas GM is significantly different from MFAHP and FEA, too.

Table 7. Kruskal-Wallis test result for independent samples for running times.

Total N 60
Test Statistic 49.318*
Degree Of Freedom 3
Asymptotic Sig.(2-sided test) 0.000

? The test statistic is adjusted for ties.

When MFAHP is preferred, the decision process seems to overcome the problems of FEA, and a similar decision is
made without the high computational cost as in MFLLSM and GM. All approaches were programmed in C# language.
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Figure 4. A screenshot of the application.

Table 8. Pairwise comparisons of running times.

Test Statistic Std. Test Statistic Sig. Adj. Sig.*
MFAHP-FEA 5.267 0.826 0.409 1.000
MFAHP-GM -24.333 -3.816 0.000 0.001*
MFAHP-MFLLSM 39.867 6.252 0.000 0.000*
FEA-GM -19.067 -2.990 0.003 0.017*
FEA-MFLLSM -34.600 -5.426 0.000 0.000*
GM-MFLLSM 15.533 2.436 0.015 0.089

Each  row  tests the null  hypothesis  that  the Samp-1 and  Samp-2  dists are the  same.
Asymptotic significances (2-sided tests) are displayed. The significance level is .05.

? Significance values have been adj. by the Bonferroni correction for multiple tests.

* Absolute value of weight differences is significant at the 0.05 level.

The CPU of the computer, where all the experiments were performed, is an AMD ThreadRipper 1950x clocked @3.7
GHz and the main memory consists of 64 GB of DDR4 RAM.

An application that has implementations of all above-mentioned algorithms, and the data of all examples can be
downloaded from https://github.com/baristezel/FAHP. A screenshot of the application is shown in Fig.4. We hope that
it may aid in the understanding of the MFAHP method and its contributions.
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Also, the global weight values obtained by these methods for the example in (Celik, Er & Ozok, 2009), as shown in
Fig.5. In this figure, it can be seen that MFAHP results are very close to the midpoints of MFLLSM results and GM
results.

5. DISCUSSION AND CONCLUSION

In this study, instead of the FEA method, which is frequently used in the solution of complex FMCDM problems
and leads to incorrect results, the MFAHP method, which allows for obtaining appropriate and efficient results, has
been evaluated. FEA, MFLLSM, MFAHP, and GM are compared by using numerical examples. As a result, it has been
shown that MFAHP can solve problems arising from FEA and has similar center value results that are more easily
calculated compared to MFLLSM and GM results. Even though the GM appears to produce results that are more
similar to MFLLSM in some instances, pairwise comparison tests revealed no significant differences between MFAHP,
GM, and MFLLSM results. On the other hand, when the running time values are examined, it is seen that the MFAHP
gives results in a shorter time than MFLLSM and GM, while there is no statistically significant difference between
MFAHP and FEA. While it has been observed that there is no statistically significant difference between MFAHP, GM,
and MFLLSM according to global weight differences between methods, the MFAHP approach is both faster and much
simpler than others.

It can be argued that the main contribution of this study is to demonstrate, through statistical significance, that the
MFAHP method is capable of producing results that are as accurate as those obtained by both the GM method and
the more challenging-to-understand and -implement MFLLSM. It was observed that there was no comparison of the
methods with MFLLSM in the literature. In this sense, the comparison of the efficiency of the MFAHP method with
the MFLLSM, which solves the problem as a constrained nonlinear optimization model and gives accurate results, is a
prominent feature of this study. Moreover, statistical analysis demonstrates that the MFAHP method achieves the result
values in a shorter time than both the GM and the MFLLSM. In other words, MFAHP method results can be obtained
as accurately as MFLLSM and GM results and as fast as FEA. Finally, to aid other researchers in conducting research
or applications in this field, we have developed software that calculates all the methods discussed in this study.

Since triangular fuzzy numbers are generally used in comparison matrices in FMCDM problems, the limitation of
this study is that the examples used to compare the results of the methods in our study contain only such fuzzy numbers.
However, it will be an important contribution to examine the effectiveness of the MFAHP method for other types of
fuzzy numbers, especially in future studies.

Overall, the MFAHP algorithm is comparable to the MFLLSM and GM methods in terms of weight calculation
accuracy for triangular fuzzy numbers, while also demonstrating superior performance in computational efficiency.
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Figure 5. Graphical representation of the global weights for the example in (Celik, Er & Ozok, 2009).
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