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Abstract

There are some examples of self-mappings which does not satisfy the Banach
contractive condition and have a unique fixed point or more than one fixed point. In
this case, metric fixed-point theory has been extensively generalized using some
techniques. One of these techniques is to generalize the used contractive conditions
such as the Jaggi type contractive condition, the Dass-Gupta type contractive condition
etc. Another technique is to generalize the used metric spaces such as a b-metric space,
an S-metric space etc. The last technique is to investigate geometric properties of the
fixed-point set of a given self-mapping such as fixed circle, fixed disc etc. For this
purpose, ‘‘fixed-circle problem” has been studied with various techniques as a
geometrical generalization of the metric fixed-point theory. This problem was also
considered as ‘‘fixed-figure problem”. Some solutions to these recent problems were
obtained using different contractions both a metric space and a generalized metric
space. The main purpose of this paper is to prove some fixed-disc theorems on an S-
metric space. To do this, we modify the known contractive conditions. Also, the
obtained new theorems are supported by some illustrative examples.

Keywords: Fixed disc, fixed circle, bilateral type contraction, S-metric space, fixed-
circle problem

S-metrik uzaylarda ikili tipinde daralmalar yardimiyla yeni sabit-
disk sonuclari
Oz

Banach daralma kosulunu saglamayan ve bir tek sabit noktast ya da birden fazla sabit
noktast olan fonksiyon ornekleri mevcuttur. Bu durumda, metrik sabit-nokta teorisi bazi
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teknikler kullanilarak kapsamli olarak genellestirilmektedir. Bu tekniklerden biri Jaggi
tipinde daralma kosulu, Dass-Gupta tipinde daralma kosulu gibi kullanilan daralma
kosulunun genellestirilmesidir. Diger bir teknik ise b-metrik uzay, S-metrik uzay gibi
kullanilan metrik uzayin genellestirilmesidir. Son teknik ise sabit ¢ember, sabit disk
gibi verilen bir fonksiyonun sabit nokta kiimesinin geometrik ozelliklerinin
incelenmesidir. Bu amacg igin, “sabit-cember problemi” metrik sabit-nokta teorisinin
geometrik bir genellemesi olarak ¢esitli tekniklerle ¢alisiimaktadwr. Bu problem ayrica
“sabit-figiir problemi” olarak da diistiniilebilir. Bu son problemlere bazi ¢oziimler hem
metrik uzaylar iizerinde hem de genellestirilmis metrik uzaylar iizerinde farkl
daralmalar kullanilarak elde edilmistir. Bu makalenin ana amact S-metrik uzaylar
tizerinde bazi sabit-disk teoremleri ispatlamaktir. Bunun i¢in, Bunun i¢in bilinen bazi
daralma kosullarini modifiye edecegiz. Ayrica elde edilen bu yeni teoremleri bazi
gercekleyici ornekler ile destekleyecegiz.

Anahtar kelimeler: Sabit disk, sabit cember, ikili tipinde daralma, S-metrik uzay, sabit
cember problemi

1. Introduction

Fixed-point theory has been extensively studied with various aspects in mathematics
since then the Banach contraction principle [1]. This principle guarantees that a self-
mapping f has a unique fixed point. To do this, some fixed-point theorems, which say

that a function f has at least one fixed point under appropriate conditions, have been
proved. This theory has been generalized with different approaches as follows:

e To generalized the used contractive conditions,

e To generalize the used metric spaces,

e To investigate the geometric properties of the fixed point set of a self-mapping
when the number of fixed points is more than one.

The notion of an S-metric was defined in [2] as follows:

1.1 Definition [2]

Let U be a nonempty set and S:U xU xU —[0,) a function. If S satisfies the
following conditions for all &,«, 8,7 €U :

(81) S(§,a, B)=0=S=a=4,

(S2) S(&,a, B)<S(£.&.7)+S(a, a0, 7) +S(B. B.7)

then S is called an S-metric on U and the pair (U , S) is called an S-metric space.

1.2 Lemma [2]
Let (U,S) be an S-metric space and &,a €U . Then we have

S(¢.¢.a)=S(a,a,¢).

In the following theorem, we see that the relationship between a b-metric [3] and an S-
metric.
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1.3 Theorem [4]
Let (U,S) be an S-metric space and

d°(&,a)=S(&, ¢ ).
Then d*® is a b-metricon U .

The fixed-circle problem was introduced as a geometric generalization of fixed-point
theory in [5]. After then, this problem has been studied with new aspects on S-metric
spaces (for example, see [6], [7], [8] and [9]).

Now we recall the following notions defined in [2], [6] and [8].

Let (U,S) be an S-metric space and f:U — U a self-mapping. A circle Céf‘o’p and a

disc D; , are defined by

C:,=15€VU:S(.6.6)=p)

and

D; ,={&€U:S(¢,¢,8)< p},

with the center & €U and the radius p>0.

If f&=¢ forall £eC;  (resp. £eD; ) then the circle C; , (resp. the disc D; ) is
called as the fixed circle (resp. the fixed disc) of f .

We give the following example:

1.4 Example
Let U =R be the S-metric space with the S-metric S:U xU xU — [0,) defined as

S, B)=|&~p|+|g+ 24,

forall &,a, f R [10]. If we define the self-mapping f:R —> R as
f&=¢%,

forall £ e R. Then we get the fixed-point set of f such as
Fix(f)={0,1}.

Consequently, the self-mapping f fixes the circle Cy1 as seen in Figure 1 drawn by
A

Mathematica [11].
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Figure 1. A self-mapping f¢& = &2 with two fixed points 0 and 1.

From the above motivations, in this paper, we investigate new fixed-disc results on S-
metric spaces modifying some contractive conditions in the literature such as Jaggi type
and Dass-Gupta type contractions introduced in [12] and [13]. The obtained results are
supported by two illustrative examples. Also, we discuss some corollaries related to the
obtained theoretical results. Thanks to the obtained theorems, new results will be
brought to the literature on the geometry of fixed points.

2. Main results

In this section, we give new solutions to the “Fixed-Circle Problem” on S-metric spaces.

Let f:U —U be aself-mapping, v :U —>[O,oo) a function and

Fix(f)={ceU:f&=¢}

the fixed-point set of the self-mapping f . Suppose that the number p is defined as

p::inf{m:geu and §eFix(f)}, 1)
v (<)

where w (&) >0 forall £ eU —Fix(f).

Let us begin the following fixed-disc theorem.

2.1 Theorem
Let (U,S) be an S-metric space, f:U —U a self-mapping and p defined as in (1).

Assume that there are a function y :U —[0,0) and & €U such that

§e Fix(f)=S(1¢, 1,9 <[w (&) -w(F)]R? (& €), ()

forall £eU —{&}, where

Rf(éa)=max{3(§,§,a),S(feg, f&,8s(fe, fa,a)} |

S(¢.¢,a)

If £&,=¢,,thenwe have D | < Fix(f), especially C; < Fix(f).

411



BAUN Fen Bil. Enst. Dergisi, 24(1), 408-416, (2022)

Proof
Let p=0.Thenwehave C: =D; ={&} and using the hypothesis f& =&, we get

D , < Fix(f) and C; , < Fix(f).

Let p>0 and &€ D;’p be any point such that & ¢ Fix(f). Using the inequality (2)
and Lemma 1.2, we obtain

S(1£,1£,8) <[y () -w(T]R (& &) =[w(&) -y (T5)]S(%. & &)
=[w (&) -w(f9)]S(.¢.&) <[w()-v(fd)]p

and by the definition of p, we get

S(fé,fé.9)

S(f&, f&£,8),
() <S(f¢,1¢.6)

S(f& 15,8 <[y (&)-w(fd)]

a contradiction. It should be & e Fix(f).
Consequently, we have D; , < Fix(f), especially C: , < Fix(f). o

2.2 Example
U =R be the S-metric space with the S-metric defined as in Example 1.4. Let us define
the self-mapping f :R — R as

£ if fe[-22]
ff:{o it e[-22]

for all £eR. Then f satisfies the conditions of Theorem 2.1 with &, =0 and the
function y : R —[0,0) defined as

1 .
o=z " el

| if ce[-22]

forall £eR. Also, we get

p:mf{%;gewggFix<f>}:mf{%:geR_[_z,z]}zz.

Consequently, Cg, ={-11} < Fix(f)=[-2,2] and D;, =[-L1] < Fix(f)=[-2,2]. In

other words, D(iz (resp. COSz) is a fixed disc (resp. fixed circle) of the self-mapping f .
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2.3 Theorem
Let (U,S) be an S-metric space, f:U —U a self-mapping and p defined as in (1).

Assume that there are a function y:U —[0,1) and & €U such that

Se Fix(f)=S(f&,1£,8) <[w()-w(fH]Q (4.9, (3)

forall £eU —{&}, where

Q?(f,a)=max{s(§,§,a)’(1+s(f§, 1£.)s(fa, fa,a)} |

1+S(&, ¢, a)
If £& =¢&,, thenwe have D; , < Fix(f), especially C: < Fix(f).

Proof
Let p=0. Then we have C: =D;  ={&} and using the hypothesis & =&, we
get

D , < Fix(f) and C; , < Fix(f).

Let p>0 and &e Dst,p be any point such that & ¢ Fix(f). Using the inequality (3)
and Lemma 1.2, we obtain

S(1&, 18,8 <[w()-w(f5)]Q7 (& &)

Z[l//(f)—w(ff)]max{S(go,go,g),M}

1+5(S, 50 %)

<y (&) maX{p Stie.fe.e) }

’1+S(§o'§o’§)
S(f&, 1&,8) S(fé, f8.8)
w(&)  1+5(5,4,8)

Sz//(é)max{ }=S(f§,f§,§)

a contradiction. It should be & e Fix(f).
Consequently, we have D] , < Fix(f), especially C} < Fix(f). o

2.4 Example

U= —Z,—S,—E,—§,0,§,§,3,Z be the S-metric space with the S-metric defined as
2 2 4 42 2

in Example 1.4. Let us define the self-mapping f :U > U as

& if £eU-{3}

fo= §+% it £=3
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for all £€U. Then f satisfies the conditions of Theorem 2.3 with &, =0 and the
function y :U —[0,1) defined as

if £eU-{3l
w(&)=
if £=3

WIN Wk

forall £ €U . Also, we get

;mm{%:geu and éeFix(f)}zinf %:5:3 :g.
3

Consequently, we have

. 33 . s 303l Fi
CO’A:{—Z,Z}Cle(f):U—B} and DO%={—Z,O,Z}CFIX(f)=U—{3}-

In other words, Dosy (resp. ij) is a fixed disc (resp. fixed circle) of the self-mapping
3 3
f.

As a consequences of Theorem 2.1 and Theorem 2.3, we get the following corollary.

2.5 Corollary
Let (U,S) be an S-metric space, f:U —U a self-mapping and p defined as in (1).
Suppose that one of the following conditions is satisfied.

(a) There are a function y:U —[0,0) and & €U such that
EgFix(f)=S(f&, &%)
S[l//(eg)—l//(ff)]Kais(f,f,ﬁo)+az

S(f&,f&,8)S(f&, fe%,e%)],
S(&,¢,8)

forall £eU —{¢&}, where a,,a, are two nonnegative real numbers with a sum 1.

(b) There are a function y :U —[0,0) and & €U such that

EgFix(f)=S(f& £,8)
S[V/(cf)—w(f5)](815(5,6,50)%2(

1+S(f¢, ff,f))S(ffo, fé:o’égo)ja
1+S(5,¢,%)
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forall £eU —{&}, where a;,a, are two nonnegative real numbers with a sum 1.
(c) There are a function y :U —[0,0) and & €U such that
§eFix(f)=S(f&, 1&,8)<[w(&)-w(f)]S(.¢.&),

forall £eU—{&}.

(d) There are a function y :U —>[O,1) and &, eU such that

Ee Fix(f) = S(f& f&8)
< [v/(é)—w(fcf)]((

1+S(f&, F&,4))S(fE, fé,é)],
1+S(&,¢6,4)

forall £eU—{&}.
If £&,=¢&,, then we have D] , < Fix(f), especially C: < Fix(f).

Proof
From the similar arguments used in the proofs of Theorem 2.1 and Theorem 2.3, it can

be easily proved using the numbers R} (£,a) and Q? (£,a) . o

2.6 Remark

(i) Theorem 2.1 can be considered as a Jaggi type fixed-disc (or fixed-circle) theorem
and Theorem 2.3 can be considered as a Dass-Gupta type fixed-disc (or fixed-circle)
theorem.

(i) If we consider Theorem 1.3, then we obtain new fixed-disc (or fixed-circle) results
using the similar techniques given in Theorem 2.1 (resp. Theorem 2.3 and Corollary
2.5) on b-metric spaces.

(iii) It is clear that RY (&, &) =R (&,&;) but Q7 (&) = Q7 (£,4,) -

(iv) The investigating new fixed-disc (or fixed-circle) results on S-metric spaces is
important because there are some examples of an S-metric which is not generated by
any metric (for more details, see [10]).

3. Conclusion

In this paper, we obtain new fixed-disc results using the Jaggi type and Dass-Gupta type
contractions on S-metric spaces. Using the similar approaches, some solutions to the
fixed-figure problem given in [14] can be investigated. Therefore, new results will be
gained to the geometry of the fixed-point theory.
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