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Abstract

This research is based on obtaining equated scores by using covariates in the Bayesian nonparametric model. As
covariates in the study, gender, mathematics self-efficacy scores, and common item scores were used. The
distributions were obtained for all score groups. Hellinger Distance was calculated to obtain the distances
between the distributions of equated scores by using covariates and the distribution of the target test scores.
These distances were compared with the distributions of equated scores obtained from methods based on Item
Response Theory. The study was conducted on Canadian and Italian samples of Programme for International
Student Assessment (PISA) 2012. PARSCALE and IRTEQ were used for classical methods, and R was used for
Bayesian nonparametric model. When gender, mathematics self-efficacy scores, and common item scores were
used as covariates in the model, distance values of obtained equated scores to target test scores were close to
each other, but their distributions were different. The closest distribution to target test scores was achieved when
gender and mathematics self-efficacy scores were used together as covariates in the model, and the farthest
distributions were obtained from item response theory methods. As a result of the research, it was determined
that the model is more informative than the classical methods.
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INTRODUCTION

It is very important to compare the scores of the individuals evaluated by the tests. Equating is used to
compare the scores obtained from different test forms that serve the same purpose. One of the most
important steps of equating is the selection of the equating method, which differs regarding the use of
common items or common individuals. The methods involving common individuals can be classified
as single group design, counterbalanced design, and equivalent group design, whereas the method
involving common items in non-equivalent groups is named as Non-Equivalent groups with Anchor
Test (NEAT) (Branberg & Wiberg, 2011). NEAT is used when there is no chance of applying another
guestionnaire and the data required to reveal the difference between the groups were obtained from
common items/tests (Liou, Cheng, & Li, 2001; Moses, Deng, & Zhang, 2010). The selection of the
common tests is crucial in the design, and the selected test should have a similar mean and item
difficulty with the tests in question and should represent this test in terms of content (Dorans, Moses,
& Eignor, 2010; Kolen, 1988; Kolen & Brennan, 2014; Mittelhaeuser, Beguin, & Sijtsma, 2011;
Sinharay & Holland, 2006; Wei, 2010; Wiberg & von Davier, 2017). The common test should be one-
dimensional, should have a high correlation with the scores of the other tests to be equated, and should
reflect the exact structure of the test forms (Wallin & Wiberg, 2017). In addition, the use of common
tests that address the trends over time in NEAT design may be appropriate only for certain individuals,
which may create a bias for equating. If the common tests/items fail to satisfy these conditions, the
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reliability of equating and other processes associated with common tests/items will be negatively
affected (Wei, 2010; Wiberg & Branberg, 2015; Wiberg & von Davier, 2017). Moreover, the tests to
be equated may not have any common items or tests. In this case, the bias and mean standard error can
be reduced by adding variables associated with the test scores to the test equating process, which
allows to explain the difference between the groups (Branberg & Wiberg, 2011; Liou et al., 2001; Oh,
Guo, & Walker, 2009; Wiberg, 2015; Wiberg & Branberg, 2015), and to increase the accuracy of the
estimation (Branberg & Wiberg, 2011; Kim, Livingston, & Lewis, 2009, 2011; Livingston & Lewis,
2009; Oh et al., 2009; Wiberg & Branberg, 2015). Wiberg and Branberg (2015) stated that using a
single common variable that has a high correlation with the test scores could give results similar to a
common test. Liou et al. (2001) also suggested that the variables selected from historical data of the
individuals may give better results than common tests.

In recent years, Non-Equivalent Groups with Covariates (NEC) design, which uses common
variables/covariates in the absence of common items, has been added to the literature (Branberg &
Wiberg, 2011; Wiberg & Branberg, 2015). The design involving the use of both common item/s and
covariate/s is called NEATNEC (Wiberg & Branberg, 2015).

The most important assumption of NEC design is that covariates are able to explain the difference
between groups. The most important step of this design is that the situational distributions of the test
scores should be the same in both groups in terms of covariates categories. This is an indication that
the achievement of individuals is evaluated according to their categorical characteristics. However, if
the test scores to be equated were obtained at different time periods (i.e., equating a new test with an
old test), this hypothesis may not be valid because the characteristics of the test scores and the
covariates may have changed over time (Wiberg & Branberg, 2015).

Although many researchers have described covariates in different terms, they emphasized that these
variables are related to test scores, and they can explain the difference between groups (Branberg &
Wiberg, 2011; Kim et al., 2009; Liou, 1998; Liou et al., 2001; Wiberg & Branberg, 2015; Wright &
Dorans,1993). In the literature, the variables such as age, gender, and educational status were observed
to be included as covariates (Branberg & Wiberg, 2011; Gonzalez, Barrientos, & Quintana,2015a;
Karabatsos & Walker, 2009; Liou et al., 2001; Wiberg & Branberg, 2015; Wiberg & von Davier,
2017). The accuracy of the prediction may increase with the increase of the number of covariates added
to the study, which makes the number of covariates added to the study important. Another important
issue is the number of covariate categories. As the number of covariate categories increases, the
number of individuals falling into each relevant category may decrease. Therefore, limiting the number
of variable categories will give more appropriate results and will strengthen the prediction (Wallin &
Wiberg, 2017; Wiberg & Branberg, 2015).

Equating methods are based on various theories and assumptions, which are classified in the literature
as Classical Test Theory and Item Response Theory (IRT). However, in recent years, Bayesian
approach has come to the fore in test-equating studies.

Bayesian Approach

In the classical approach, the p-value is used to test the significance of null hypotheses, which varies
according to the sample and purpose of the researcher (Berger, Boukai, & Wang, 1997; Kruschke,
2010; Kruschke, Aguinis, & Joo, 2012; Lee & Boone, 2011; Rounder, Morey, Speckman, & Province,
2012). This can be considered as a disadvantage because point estimation affects the outputs in terms
of reaching an accurate result. The confidence interval used in Bayesian approach carries more
information than point estimation. The confidence intervals for posterior inferences generated by
Bayesian approach can be expressed with the mean and 95% confidence interval (highest density
interval/HDI). The points falling in this range are more accurate than the points that are outside
(Kruschke, 2010).

Bayesian approach provides well-defined probabilistic models for observed data and unknown values.
There are two types of Bayesian approaches. Parametric Bayesian approach uses a limited number of
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parameters, but it has some limitations, whereas the flexible use of the number of parameters in the
models constitutes the basis of Bayesian nonparametric approach (De lorio, Miiller, Rosner, &
MacEachern, 2004, Miiller & Quintana, 2004; Orbanz & Teh, 2010; Shah & Ghahramani, 2013).
Dirichlet Process (DP) Model is one of the models that have a central role in Bayesian nonparametric
approaches (De lorio et al., 2004; Gonzalez et al., 2015a; Petrone, 1999a). This model allows the
inclusion of the covariates in equating process. The randomness effect of the variables on the
distribution of the test scores will appear as dependency, which is explained by the Dependent Dirichlet
Process (DDP), an extension of the DP model (Barrientos, Jara, & Quintana, 2016; MacEachern, 1999,
2000). However, the selection of prior distributions in Bayes nonparametric approaches is usually very
difficult. Petrone (1999a, 1999b) suggested using Bernstein-Dirichlet Prior (BDP) model to eliminate
this limitation. In their studies, Barrientos et al. (2016) expanded the model further and developed
Dependent Bernstein Polynomial Process (DBPP) model. Barrientos et al. (2012, 2016) discussed two
specific types of DBPP. In this study, DBPP involving a dependent stick-breaking process with
common weights and predictor-dependent support points was employed. This type is called single-
weight DBPP (WDBPP). Z represents covariate space, and F; represents covariate-dependent random
probability distributions.

For vz € Z,{F,: zeZ}, wDBPP can be formulated as;
fin© = ) wi(zl[k0;@)] e — [ke;@)] + 1)
j=1

This model, which represents an infinite set of beta distributions, suggests that the test scores have
covariate-dependent sample densities. This model can be shown as:

{Fz;z € Z}~ wDBPP(a, A, Us, H).

Where = {h,;z € Z}; wv4,v3,........,a > 0 are independent, random variables whose distribution is
defined by B(1, a); K is a discrete random variable with a distribution indexed to a finite-dimensional

parameter 4, 0y = h, (ri(z)),rl,rz ..., are independent and identically distributed real-valued

stochastic processes indexed by the parameter . This model provides a covariate-dependent equating
transformation (Gonzalez, Barrientos, & Quintana, 2015b).

In this study, the accuracy of the predictions and their contribution to the test equating process were
analyzed by comparing the equated scores obtained from Bayesian Nonparametric Model (BNP) by
using various covariates at NEC design.

METHOD

The research was conducted with real data. The distribution of equated scores obtained from the
scaling methods based on IRT was compared with the distributions of equated scores obtained from
the BNP model.

Sample

The data used in the research was obtained from PISA 2012. In order to carry out the equating process
in non-equivalent groups, two countries with different success levels were selected. According to PISA
2012 math results, the data of Canada, which was ranked as 13" with an average score of 518, and
Italy, which was ranked as 32" with an average score of 485, were taken from the database published
by OECD (http://www.oecd.org/pisa/data). The records with missing data were removed, and Italian
data with a sample size of 908 and Canadian data with a sample size of 931 were used in the analysis.
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Data Collection Tools

In PISA 2012, a cognitive test measuring students’ mathematics literacy and a student questionnaire
were used. The data of the research is comprised of the Italian students’ responses to booklet 5 and
Canadian students’ responses to booklet 6 of the mathematics sub-test. Booklets 5 and 6 were selected
to be used in the research because of the equal number of math questions and the high number of
common items. There were 12 common items in the booklets.

Gender and mathematics self-efficacy score (MATHEFF) were used as covariates in the analysis,
where gender is a two-category variable and MATHEFF is a continuous variable. In addition, the
anchor item scores were taken as the covariate in the BNP model. The reason for using MATHEFF is
that it is defined as the variable that explains the mathematics achievement (Ayotola & Adedeji, 2009;
Hackett & Betz, 1989; Kogar, 2015; Schulz, 2005; Siegle & McCoach, 2007; Thien & Darmawan,
2016). This variable was derived from the sum of the item scores, where a higher score indicates lower
self-efficacy. MATHEFF scores varied between 8-32. But, since the scores range between 0-1 in the
model, MATHEFF scores were also converted into the 0-1 range, showing the change within one unit.

Another covariate used in the NEC design of the BNP model was gender. There are many studies in
the literature using gender as covariate (Branberg & Wiberg, 2011; Gonzalez et al., 2015a, 2015b;
Gonzalez & Wiberg, 2017; Liou et al., 2001). In addition, in many studies, gender is considered as a
variable that creates differentiation among groups (Martin, Mullis, Foy, & Stanco, 2012; Yildirim,
Yildirim, Yetisir, & Ceylan, 2013).

Regarding the equating studies performed in non-equivalent groups, the number of common items in
the tests should be equal to at least 20% of the number of questions to minimize the equating error
(Angoff, 1971). The study was carried out with 24 items in NEC design, and the total score of the
common items was used as the covariate. In NEAT design, 12 items were taken as external
commonitems, and the study was carried out with 36 items. To avoid them from affecting the model
as a different criterion, partially scored items in the booklets were converted into two category-scores.

Data Analysis

In the research, IRT-based scale conversion methods and the analyses using the BNP model were
carried out separately. First of all, unidimensionality and local independence were tested for IRT.
Factor 10.3 analysis software was used to test unidimensionality, which was analyzed over 36 items.
The unidimensionality of 36-item in booklets was taken as the proof of the unidimensionality of the
24-item version. As a result of the factor analysis, Kaiser Mayer Olkin (KMO) value of booklet 5 was
found to be .95, whereas Bartlett’s value was 7086.60 (df = 630; p <.001). Regarding booklet 6, KMO
value was .94 and Bartlett’s value was 6427.00 (df = 630, p < .001). KMO values indicated the
sufficiency of the sample sizes for the analysis, and Bartlett’s value indicated the factorizability of the
data set. Regarding these values, it can be said that the tests were unidimensional.

The unidimensionality of the booklets provided insight about local independence assumption.
Moreover, in order to test the local independence assumption, the correlation between the items was
calculated for the top and bottom 27% of the data (Kelley, 1939). The correlation between the top and
bottom groups was found to be lower than the overall correlation; therefore it was concluded that the
local independence assumption was met.

Parameter estimation

The two test forms to be scaled in the study are parallel. The parameters obtained from these forms
were estimated from different individuals, and the mean and standard deviations of the groups were
different; therefore the estimations were made using separate calibration methods.

Equating by NEAT design was performed using ability parameters. The -2loglikelihood values
obtained for 2 parameter logistic model (PLM ) and 3 PLM were tested by chi-square test and 3 PLM
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model was found to be significant. Therefore, the parameters were estimated according to 3 PLM
method. Parscale 4.1 program was used in the estimation of item parameters.

Scale conversion

Common items were taken as external common items in NEAT design to allow a comparison with
NEC design. IRTEQ software was used to convert the parameters taken from the PARSCALE software
to the same scale. Since IRT true-score equating is more accurate and precise (Li, Jiang, & von Davier,
2012), this process was carried out on true-score. In the study, booklet 6 was taken as the target test,
whereas booklet 5 was taken as the basic test.

Test equating by Bayes nonparametric approach

In order to make accurate statistical predictions, Markov chain Monte Carlo (MCMC) sampling
method was used to obtain a sample representing the universe (Kruschke, 2015; StataCorp, 2015). In
this study, MCMC method was used to estimate population parameters (k, y, w) of the BNP model.
General information about the population can be obtained using covariates. MCMC processes were
performed separately for Canada and Italy data sets. The covariates and parameters compatible with
the data are combined in the files prepared in MCMC sampling by using DBPP.

The covariates used in the research were added to the model as anonymous priors. This fact prevented
the bias that may arise from the effects of these variables on the posterior distributions of the scores
and ensured a more objective evaluation.

Prior distribution specification: The distributions of wDBPP based on MCMC method were given as:

{} i i
h,(") = 1321’{_}, rj(z) = z"y; and y;| p, S~UIN, (1, S), j=1,2, ...

Here; v;| a ~B(1, @), k| A ~Poisson(4) llg.qy, | Mo, So ~ Np(myg, So), S|v, P ~IW,, (v,9). In
equation I, W, (v, A); scale matrix A represents p-dimensional inverted-Wishart distribution with
degrees of freedom v. The values that Gonzalez et al. (2015a) found to be significant in their study,
were also included in their study of 2015b, therefore the following values were used while generating
the prior distribution A = 25,my = 0,59 = 2.25*I,,v =p + 2, and a = 1. MCMC algorithm
was run to explain the posterior distribution of wDBPP model and to obtain the posterior distribution
samples of all model parameters.

Posterior inference: All computations were coded and performed in R 3.2.1 statistics software. The
posterior probability distribution was given by:

p(v k,w, Vly,Z)
n
ly] Ly]
“| | ZWJ | L ﬂﬁmn)
1+e%Y 1+e4Y
25k -25
X [k,(l_—e_zs)] [H(Zn)m 2e-05(r—w) s~ (v;1) @m)|So|” 3 o—05(mo)TS5 (o)

2 7 1 -
WP oo™
2°T,(2)

The posterior predictive distribution was given as below:

X

p(Tlysz) = f p(v, k,w,y1y, 2) L(TIv, k, w, y)dvdidwdy

Where
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oy =S w11 [
L(T|v, k,w, ZZW- T —\, k- |k————| + 1
! =i 1+ e%7 1+e%7

shows the sum obtained for the identified distributions.

The number of iterations was first set as 5000 to test the parameters in the generated files. Then,
MCMC number was set as 150 000, and the analyses were performed by repeating 10 times for each
file in order to obtain a proper distribution. The analyses of the test forms were carried out
simultaneously, which took around 10 hours and 23 minutes for each file.

The algorithm of Gibbs and Metropolis-Hastings sampling method was as follows. It was used to
explain the posterior distribution obtained by gathering the covariables with the model in MCMC files:

An initial v*~p(v|v®) value is obtained by using Metropolis-Hastings ratio; if the initial value is
reasonable, it is accepted; if not, it is rejected, and the process continued until the most appropriate
value is obtained (there were 10 v values in the research).

An initial y*~p(y|y®) value is obtained by using Metropolis-Hastings ratio; if the initial value is
reasonable, it is accepted; if not, it is rejected, and the process continued until the most appropriate
value is obtained (there were 20 y values in the research).

An initial k*~p(k|k®) value is obtained by using Metropolis-Hastings ratio; if the initial value is
reasonable, it is accepted; if not, it is rejected, and the process continued until the most appropriate
value is obtained (there was 1 k value in the research).

After completing this stage, the equated scores were obtained using cumulative distributions of the test
scores.

The transformation functions are as follows, where T is score distribution; ¢, represents the scores
obtained from test X, t, represents the scores obtained from test Y, and z represents the covariates;

te=F ()
—> ty = (ty) = Fy_l(Fx('))
t,=F""()
tzx = Fz;l ()
. : t, = o(t,,) = F5 (F())
tzy =F% ®)

The analyses conducted to obtain equated scores were completed in 7 days and 6 hours. The equating
process was completed by putting the generated profile distributions into the percentiles determined
for covariate categories.

DBPP model defines continuous distribution functions in (0-1) range. Therefore, the score estimations
were made in this range as Gonzalez et al. (2015b) have done in their study. After equating, the scores
were converted to the scale-of-100 so that the highest score will be 100. This is considered as the best
scaling method in equating studies involving the tests with different ranges (Livingston, 2004).
Therefore, the continuous variables used in the distributions were converted and analyzed in (0-1)
range, then the graphics and distributions obtained for equated scores were converted to the scale-of-
100 and interpreted.

Comparison criteria

In traditional equating methods, standard criteria such as Root Mean Square Error (RMSE), Mean
Square Error (MSE), bias, and standard errors (SE) are used to assess parameter estimation error.
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However, it is difficult to compare the results obtained by the methods based on different models such
as IRT and BNP (Wiberg & Gonzalez, 2016). Therefore, in this study, the comparison of the results
using the criteria such as RMSE and MSE was not possible. Hellinger Distance, which provides
statistical information, was used in this study to compare the equated scores obtained by BNP and IRT
methods to target test’s scores. This distance is the sum of the distances between the points of each
distribution. There are many forms of Hellinger distance. Hellinger Distance used to compute the
distance between two distributions f and g (Boone, Merrick, & Krachey, 2012) is formulated as;

1
R 1 - 2 1/2 1 k - 2 2
H(f,9) = [§f< f(x)—vé(x)) dx] ~ [EZ( f(x)—vé(x)) (o —x1-1)
=1

The distances between the distributions of the scores were computed according to the method above,
and the distributions are shown through graphics in the results part. One of the titles (participants,
sample, or working group) should be used with respect to the group formation procedure used in the
study. The information about the sampling procedure and the group should be given in this part.

RESULTS

In PISA 2012, the mean score and standard deviation of 908 Italian students, who answered booklet
5, was 51.51 and 20.72, respectively. Whereas the mean score and standard deviation of 931 Canadian
students who answered booklet 6 was 52.27 and 22.06 respectively.

Equating errors occurred as a result of scaling according to IRT methods in the NEAT design were
computed, and the score distributions obtained from various methods were analyzed.

In the two booklets, answers taken by two non-equivalent groups were used for scaling. RMSE values
were calculated.

Table 1. RMSE Values Obtained According to IRT Methods
Mean — Mean Mean-Sigma Stocking-Lord Heabera
0.149 0.13 0.20 0.18

The lowest error was obtained from Mean-Sigma method and the highest error from Stocking-Lord
method. New ability parameters were computed, and item parameters of the target test were used for
finding true scores. Probability density distributions of each method and their distance from the target
test were calculated using Hellinger distances.

Hellinger = 0.029714 Hellinger = 0.033682

& Stocking-Lord
< 6th Booklet

7| ¢ Heabera
© 6th Booklet

Density

Density
0000 0005 0010 0015 0020
|

0000 0005 0010 0015 0020
L

0 20 40 60 80 100 0 20 40 60 80 100

Scores Scores
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Hellinger = 0.034394 Hellinger = 0.032187
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Figure 1. The Distribution of Obtained Scores and Their Distance from the Target Test’s Scores

Regarding the probability density distributions of the predicted scores in Figure 1, the distributions of
the scores were observed to be similar and to be at approximately similar distances to the target test’s
distribution according to the Hellinger distance. Although Mean-Sigma method gave the lowest
RMSE, the distributions obtained from the characteristic curve methods were closer to the distribution
of the target test. According to Hellinger distance, Stocking-Lord method was the closest distribution
with 0.029714.

The distance between the distribution of equated scores obtained by using gender as covariate in the
BNP model and the distribution of target test’s scores

Gender was taken as covariate, and students’ scores were gathered with this variable. Distributions
were first examined according to the booklets. Figure 2 shows the distribution of the scores and
confidence intervals that best reflect the population for each gender.

Score distribution of female Score distribution of male Score distribution of male
students for Booklet 5 and 6 students for Booklet 5 students for Booklet 6
o //_“\ n 't_"\
N, = _| //
U.‘U U.‘2 Uf4 U.Ib‘ Ufti 1.‘U UTU UTZ U.‘4 Ufti UTB 1.‘U 0o 02 04 06 08 1o

t

Note. The confidence interval is shown in red to female because it was very narrow.
Figure 2. Score Distributions and Confidence Intervals according to Gender for Booklets.

The distributions were observed to be similar. Especially, the distribution of female students was the
same for both booklets. The accuracy of the score estimation was checked through confidence
intervals. Confidence intervals of female students’ score distributions were found to be quite narrow,
whereas male students’ confidence intervals were wide, which may indicate uncertainty in the
estimation of these scores. The decrease in the accuracy may be due to the low number of students in
the sample used for the estimation of scores, or due to the fact that the scores of the students having
the same profile were distributed in a wide range.
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Hellinger = 0.00532

< BNP(Gender)
< 6th Booklet

0015
1

Density
0.010
1

0.005
1

0.000
1

0 20 40 60 80 100

Scores

Figure 3. Distribution of the Target Test’s Scores and the Scores Equated with Gender

The score equated with gender covariate was calculated for each student. The distributions of equated
scores and target test’s scores were compared. The distance between these distributions was calculated
by Hellinger distance. As can be seen from Figure 3, the distribution of equated scores was observed
to be sharper than the distribution of the target test’s scores. The distance between these two curves
was 0.00532, which was approximately one-fifth of the distance obtained by IRT methods.

The distance between the distribution of equated scores obtained by using MATHEFF as covariate in
the BNP model and the distribution of target test’s scores

MATHEFF was taken as the covariate, and students’ scores were associated with this variable. The
score distributions that best reflect the population according to MATHEFF levels were computed. The
distributions of scores at different MATHEFF levels were analyzed according to booklets.

g 020408081

08
08 g4

02 MATHEFF

Scores

Figure 4. The Distributions of the Scores Equated with MATHEFF

Students at different MATHEFF levels had different profiles. The distribution of each profile was
computed. Test score distributions of booklets 5 and 6 according to MATHEFF levels of the students
were similar, therefore they are shown in a single graph in figure 4. As students' self-efficacy levels
decrease (or for higher values of MATHEFF), the intensity of their scores decreases. Based on these
distributions in each profile, it was also possible to see at which scores the students' distribution
changed and how this change was affected for both booklets.
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Hellinger = 0.005337

< BNP(MATHEFF)
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Figure 5. Distribution of the Target Test’s Scores and the Scores Equated with MATHEFF Levels

In the BNP model, the distribution of equated scores was very close to the distribution of the target
test” scores. Hellinger distance was calculated as 0.005337. This distance is significantly lower than
the distance obtained from IRT methods and the distance of the model obtained using gender.
Compared to the BNP model using gender, the distributions were observed to approach and
differentiate from the target test at different points. In the model using MATHEFF, the distribution of
equated scores moved away from the target test at the ends, whereas in the model using gender, the
distribution of equated scores differed from the target test in average values.

The distance between the distribution of equated scores obtained by using both gender and MATHEFF
as covariates in the BNP model and the distribution of target test’s scores

Students’ MATHEFF scores were examined according to gender. The distributions obtained for
female students were similar to males for booklets 5 and 6, therefore, graphs are shown for both
genders in figures. Figure 6 and 7 shows the distributions of the students for booklets 5 and 6.

0 020406081

0 020406081
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02 MATHEFF 4 02 MATHEFF

Scores Scores

Figure 6. Distributions for Booklet 5 Figure 7. Distributions for Booklet 6

Regarding booklet 5, it was observed that the intensity of high scores of both genders’ students with
low mathematics self-efficacy decreased. In booklet 6, the students of both genders with low
mathematics self-efficacy were observed to be clustered around 20. As can be seen from these
distributions, students' intensity around high scores decreased as MATHEFF scores get higher, which
indicates lower mathematics self-efficacy levels.

So, it can be concluded that booklet 6 was easier than booklet 5 for both female and male students. In
addition, the differentiation of the distributions in booklets may indicate that using these two covariates
was effective in revealing the differences between the booklets. Equated scores were obtained using
the cumulative distributions of these distributions generated by combining covariates and individuals’
scores. The probability distributions of equated scores and target tests were examined together in
Figure 8.
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Figure 8. Distribution of the Target Test’s Score and the Scores Equated with both Covariates

The distribution of equated scores is very close to the target test when both covariables were included
in the model; Hellinger distance is also relatively small (0.002107) compared to other models. From
Figure 8, it can be seen that equated scores obtained by using two covariates got closer to the target
test. In particular, the approximation of distributions to the extreme values might indicate that the
model could be used to tolerate the error in extreme values.

The distance between the distribution of equated scores obtained by using common items as covariate
in the BNP model and the distribution of target test’s scores

In the first part of the study, equated scores were obtained from common items according to IRT
scaling methods. In this section, the scores obtained from the sum of common items were used as a
covariate. The distributions obtained from the combination of student scores and covariates are shown
in Figures 9 and 10.
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Figure 9. Distributions for Booklet 5 Figure 10. Distributions for Booklet 6

In order to check whether common items reflect the tests or not, the correlation between common test
scores and test scores was examined. These correlations were found to be .79 for booklet 5 and .75 for
booklet 6. Accordingly, it can be said that common items represent the tests statistically.

According to Figure 9, if common item scores were not included in the model as covariate or they
contributed to the model with very low scores in booklet 5, the density of students was observed to
increase on average scores and densities towards the end scores decreased. With the increase of
common item scores, the shapes of distributions differed from first distributions, and it was observed
that low score densities decreased and high score densities increased.

Regarding Figure 10, which shows the analysis results for booklet 6, if common item scores were not
included in the model as a covariate or contributed to the model with very low scores, students are
concentrated around the mean. The distributions of students were quite similar for other score levels.
Therefore, regarding the individuals with other scores than low commaon item scores, the distributions
are similar for both booklets. The differences in common item scores failed to explain the difference
in the math achievement of the students. Booklet 6 was observed to be easier than booklet 5.
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Equated scores were obtained according to common item scores of students. The probability
distributions of these scores and target test were examined together, and their distributions are given
in Figure 11.
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Figure 11. Distribution of the Target Test’s Scores and The Scores Obtained from BNP Model with
Common ltems

Hellinger distance between the distribution of equated scores obtained by using common items as
covariate and the distribution of target test scores was calculated as 0.006313. This distance was
smaller than the one of the IRT methods, but it was greater than the values obtained from BNP models
with other covariates. The distribution of equated scores obtained using common items is similar to
the distribution of the equated scores obtained using gender. Both distributions diverged from target
test’s distribution at the ends. Although the numerical values of Hellinger distances were insufficient,
their shapes supported the information given about these distributions.

DISCUSSION and CONCLUSION

In this study, equated scores were computed using the BNP model, bringing a different perspective
than classical methods. Gender, mathematics self-efficacy scores, and the sum of common items scores
were used as covariates. Equated scores were computed for different covariates, and the distances
between these scores’ distributions and the distribution of the target test’s scores were examined. The
explanation of mathematics achievement by the variables and the differences between booklets were
interpreted using the BNP model. The results obtained from IRT and BNP models and their
interpretation are given below.

The scores taken from common items were considered as the external common test in IRT equating
methods; the minimum error was obtained from Mean-Sigma method, whereas the maximum error
from the Stocking-Lord method. Therefore, it was concluded that external common items caused more
error than moment methods in reducing the difference between items’ characteristic curves; and the
difference between the discriminant parameters obtained from common tests applied to the groups was
less than the difference in characteristic curves. Regarding the distances between the distribution of
true scores obtained by IRT scaling methods and distribution of target test’s scores, the closest
distribution was obtained from Stocking-Lord method. This fact can be expressed as that Stocking-
Lord method produced closer values, even though it generated more erroneous predictions than other
IRT methods.

In the BNP model, similar score distributions were obtained from female and male students for each
booklet when gender was considered as the only covariate. Although gender was seen to be insufficient
in showing the difference between the booklets, it was found that booklet 6 was comprised of easier
questions than booklet 5. In spite of similar distributions, the confidence intervals of male and female
students’ distributions were different. Since the same distributions were obtained for the students of
both genders, it was concluded that gender has no significant effect on mathematics
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performance/achievement. There are various studies supporting this fact in the literature (Hall & Hoff,
1988; Lindberg, Hyde, Petersen, & Linn, 2010; Thien & Darmawan, 2016).

In the BNP model, when MATHEFF was taken as the covariate, the distributions of the students with
medium and high scores were similar. The distributions of both booklets varied according to the
MATHEFF level; therefore, it was found that MATHEFF was effective on mathematics achievement.
Thus, it can be concluded that MATHEFF explains mathematics achievement. The literature contains
studies showing that MATHEFF explains mathematics achievement (Ayotola & Adedeji, 2009; Ding,
2016; Hackett & Betz, 1989; Kogar, 2015; Schulz, 2005; Siegle & McCoach, 2007; Thien &
Darmawan, 2016). In traditional equating, if the knowledge of individuals is not included, score
distributions of each student group would be considered to be the same. In this study, the differentiation
in the score distribution of the students in various sub-groups was kept under control, and equated
scores of each sub-group were computed. Regarding the model in which MATHEFF was used, it was
concluded that the distribution of equated scores approaches the distribution of target test’s scores.
The most important assumption of NEC design is that the distribution categories obtained from
covariates should be the same for the sub-groups (Wiberg & Branberg, 2015). The differences between
booklets can be observed using this assumption. Since MATHEFF distributions were similar in both
booklets, it was concluded that either this variable could not fully explain the difference between
booklets, or the booklets were very similar. However, even in this case, it could be said that booklet 5
contained more difficult questions than booklet 6.

When both MATHEFF and gender were used as covariates in the BNP model, the information obtained
from the model was more detailed than the models with a single covariate. If two covariates are used
in the model, it is possible to distinguish the variables affecting the distributions of students’
mathematics achievement and the magnitude of this effect. The distributions in booklets were the same
for both genders. In our case, different distributions were obtained for different booklets and
MATHEFF levels. The use of these variables together revealed that they could explain both the
difference between booklets and mathematics achievement levels. The distribution of equated scores
obtained using two covariates was observed to approach the distribution of target test’s scores more
than other models.

When the sum of common item scores in the BNP model was used as a covariate, only the distributions
of low-score students varied, and the range was quite small. Therefore, the distribution of medium-
and high-score students was observed to remain the same. In other words, it was concluded that
common items were at the same level and uniform; otherwise they would change the distribution of
test scores directly. The same result was obtained for both booklets. The correlation of common item
scores was higher for booklet 5 and caused more distributional variations for this booklet. This fact
showed that common items were more similar to the questions in booklet 5 and made more distinctions
between the sub-groups with different scores in this booklet. Since the distributions obtained from
common item scores did not differ significantly according to the booklets, it was concluded that
common items don’t adequately explain mathematics achievement. The distance between the
distribution of the scores equated with common item scores and the distribution of the target test’s
scores showed the effectiveness of the method but using two covariates in the model was more
effective. There are studies supporting the use of covariates for achieving more positive results in
equating process, in cases where common items do not possess the properties required for equating or
the assumptions of test equating are not satisfied (Dorans & Holland, 2000; Liou et al., 2001; Wright
& Dorans, 1993).

When only MATHEFF and only gender were used as a covariate, the distributions did not differ
significantly according to booklets. In the model where two covariates were used, distribution
differences were observed according to booklets. In the model where the common item scores were
used, distribution differences were observed in the low-score student group. This result suggested that
in BNP models, common item scores explained the difference between the booklets more than
MATHEFF scores. Despite different covariate types used in BNP models, booklet 6 was observed to
be easier than booklet 5. Likewise, it is possible to say that the questions in booklet 5 were more
distinctive.
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Regarding the distributions of equated scores and the distances of these distributions to target test, the
comparison between IRT methods and BNP models was straightforward. The distributions of equated
scores obtained from the BNP model were closer to the distributions of the target test. The distances
between the distributions of equated scores using the BNP model and the distribution of target test’s
scores were smaller. The closest distance was obtained from the distribution of the BNP model using
two covariates together. Therefore, it can be said that more precise estimations are obtained by using
BNP model. There are many studies supporting that the Bayesian method makes better predictions
than classical methods, and it can be used to obtain much useful information (Karabatsos & Walker,
2009; Kruschke et al., 2012; van de Schoot, et al., 2013).

It was very difficult to compare BNP models that use different covariates according to Hellinger
distances. Even though the numerical values obtained from Hellinger distance between BNP models
is not sufficient for decision making, the shape of the distributions supported the information about
the distance to the target test. Since BNP model uses score distributions for equating, it doesn’t require
any limitation such as having a same number of individuals in the basic test and target test. Moreover,
there is no need to limit the number of individuals in the sub-groups involved in the tests. In the study,
the low number of individuals in some sub-groups and the inclusion of covariates to the model as
missinformation caused large confidence intervals. However, in spite of large confidence intervals,
BNP models would yield more useful and informative results.

As BNP model keeps group invariance under control, the irregularities and discontinuities of the
distributions have been eliminated. For this reason, there is no need for pre-smoothing, the selection
of the bandwidth parameter, and the derivation of the standard error of equating used in other equating
methods (Gonzalez et al., 2015b). This is an indication of the importance of the model (Karabatsos &
Walker, 2009).

In future research, researchers may use the model for test equating without using any covariate. When
covariate is used in the model, the study can be carried out to determine the items with DIF
(Differential Item Functioning) according to variable/s’ categories. In the model, equated scores can
be obtained using different continuous and discrete covariates such as socioeconomic status, age, etc.
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Parametrik Olmayan Bayes Yontemiyle Ortak Degiskenlere
Gore Yapilan Test Esitlemelerinin Karsilastirilmasi

Giris

Denk olmayan gruplarda ortak test deseninde ortak testin se¢cimi olduk¢a onemli olup bu test,
esitlenecek olan testler ile benzer ortalama, madde zorluguna sahip olmali ve bu testleri igerik olarak
temsil etmelidir (Dorans, Moses, & Eignor, 2010; Kolen, 1988; Mittelhaeuser, Beguin, & Sijtsma,
2011; Sinharay & Holland, 2006; Wei, 2010; Wiberg & von Davier, 2017). Ancak ortak testler bu tiir
Ozelikleri her zaman saglayamayabilir. Ortak testlerin tek boyutlu olmamasi, diger testlerdeki
puanlarla yiiksek oranda iliski vermemesi, test formlarindaki yapiy1 tam olarak dlgmede yetersiz
kalmas1 (Wallin & Wiberg, 2017) veya uygulamasindan kaynakli hatalarin olmasi (Liou, Cheng, &
Li, 2001) esitlenmedeki giivenirligi ve ortak testlere bagli diger siiregleri etkilemektedir (Wiberg &
von Davier, 2017; Wei, 2010). Bu durumlara ek olarak, sadece zaman igerisindeki egilimleri ele alan
ortak testlerin denk olmayan gruplarda ankor madde (NEAT) deseninde kullanilmasi, sadece belirli
bireyler i¢in uygun olabilir ki bu durumda esitleme i¢in bir yanlilik olusturabilir. Bu da testlerin
giivenirliklerini olumsuz yonde etkileyecektir (Wiberg & Branberg, 2015; Wiberg & von Davier,
2017; Wei, 2010). Ayrica birgok biiyiik uygulamalar1 gerektiren sinavlarda ortak madde veya ortak
test bulunmamaktadir. Bu durumda test puanlar ile iligkili ve gruplar arasindaki farki agiklayabilen
degiskenlerin kestirim siirecine ek bilgi olarak veya ortak testlerin yerine eklenmesi ile yanlilik ve
ortalama standart hata azaltilabilir (Branberg & Wiberg, 2011; Liou ve digerleri, 2001; Oh, Guo, &
Walker, 2009; Wiberg, 2015; Wiberg & Branberg, 2015). Boylece kestirimin dogrulugunu
arttirabilecegi i¢in esitleme ¢aligmalar1 birgok yonden incelenebilecektir (Branberg & Wiberg, 2011;
Kim, Livingston, & Lewis, 2009, 2011; Livingston & Lewis, 2009; Oh ve digerleri, 2009; Wiberg &
Branberg, 2015). Son yillardaki ¢aligmalarda ortak maddelerin olmadig1 durumda ortak degiskenlerin
kullanilmasi ile Denk Olmayan Gruplarda Ortak degisken (Non-equivalent Groups with Covariates
/INEC) (Branberg & Wiberg, 2011; Wiberg & Branberg, 2015) ve hem ortak madde hem de ortak
degiskenlerin kullanilmasi ile NEATNEC deseni literatiire eklenmigtir (Wiberg & Branberg, 2015).
Bu c¢alisma NEC deseni {izerinden yiiriitiilmiistiir.

NEC deseninin en Onemli varsayimi, ortak degiskenlerin gruplar arasindaki farklilig
aciklayabildigidir. Test puanlarinin durumsal dagilimlarinin, ortak degiskenlerin kategorilerine gore
her iki grupta da ayn1 olmasi bu desen i¢in en 6nemli adimdir (Wiberg & Branberg, 2015). Bu adimin
en 6nemli pargasi olan ortak degiskenlerin se¢imi ise olduk¢a 6nemlidir. Birgok arastirmaci ortak
degiskenleri farkli terimlerle ifade etmis olsa da bu degiskenlerin test puanlari ile iligkili olmas1 ve
gruplar arasindaki farki agiklayabilecek nitelikte olmasina vurgu yapmustir (Branberg & Wiberg, 2011;
Kim ve digerleri, 2009; Liou, 1998; Liou ve digerleri, 2001; Wiberg & Branberg, 2015; Wright &
Dorans, 1993). Alanyazinda ortak degisken olarak genellikle yas, cinsiyet, egitim durumu gibi
degiskenlerin yer aldig1 goriilmektedir (Branberg & Wiberg, 2011; Gonzalez, Barrientos, & Quintana,
2015a; Karabatsos & Walker, 2009; Liou ve digerleri, 2001; Wiberg & Branberg, 2015; Wiberg &
von Davier, 2017).
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Ortak testin kullanimindan daha iyi sonug vermesi icin ortak degiskenlerin sayisi arttirilabilir. Ancak
ortak degisken sayis1 arttikca, bu degiskenlerin kategorilerine diisen birey sayis1 azalacagindan dolay1
degiskenlere ait kategori sayilariin smirlandirilmas1 daha uygun sonuglar verecektir (Wiberg &
Branberg, 2015; Wallin & Wiberg, 2017).

Son yillarda Bayes yaklasimi da test esitleme ¢alismalarinda dne gikmaktadir. Ozellikle Parametrik
olmayan Bayes yaklagimi (BNP) ortak degiskenlerin modele eklenmesini olasi hale getirmektedir. Bu
arastirmada iki farkli ortak degisken kullanilarak NEC deseninde BNP modeline gore elde edilen
esitlenmis puanlar Madde Tepki Kurami (MTK) yontemleri ile karsilastirilarak test esitleme siirecine
katkis1 incelenmistir.

Yontem

Arastirmada ortak maddelerin bulunmadigi NEC deseninde farkli ortak degiskenler ile BNP modeli
kullanilmigtir. Modellere gore elde edilmis olan puan dagilimlar1 ve esitlenmis puanlarin hedef teste
olan uzakligi Hellinger uzakligi ile incelenmistir. Arastirma gerc¢ek veri tizerinde yiiriitiilmiis olup
BNP modeline gore elde edilen esitlenmis puanlara ait dagilimlar ile madde tepki kuramina dayali
olarak olcekleme yontemlerinden elde edilen esitlenmis puanlarin dagilimlar: karsilastirilmastir.

Arastirmanin evreni ve érneklemi

Denk olmayan gruplar arasinda esitleme yapmak icin PISA 2012 verilerinden yararlanilmistir. Kayip
ve eksik veriler temizlendikten sonra, 5. kitapgik icin 908 kisilik Italya verisi, 6. kitapgik icin 931
kisilik Kanada verisi kullanilmigtir.

Veri toplama araglar

PISA 2012 kapsaminda &grencilere uygulanan matematik okuryazarligini 6lgen biligsel testten ve
Ogrenci anketinden yararlanilmistir. NEC deseni icin cinsiyet, matematik 6z yeterlik puani
(MATHEFF) ve ortak madde puanlari ortak degisken olarak alinmus ve ortak degiskenlerin
kullanilmast ile elde edilen sonuglar birbirleri ile karsilastirilmistir. Calisma NEC deseninde 24 madde
tizerinden ylriitilmiis olup, ortak maddelerin toplam puani ortak degisken olarak kullanilmistir. NEAT
deseninde ise 12 madde dis ortak madde olarak alinmis olup 36 madde iizerinden c¢aligma
yiriitilmiistiir.

Verilerin analizi

Arastirmada MTK kuramina dayali 6l¢cek doniistiirme yontemleri ve BNP modeli i¢in analizler ayri
ayr1 siirdiiriilmiistiir. Ilk olarak MTK varsayimlarindan tek boyutluluk ve yerel bagimsizlik test edilmis
ve testlerin tek boyutlu oldugu sonucuna varilmistir. Alt ve iist gruplardaki korelasyon ile toplam
gruptaki korelasyon birlikte incelenerek yerel bagimsizlik varsayimi desteklenmistir.

Parametre kestiriminde veri seti ile uyumlu model olarak 3 PLM anlamli bulunmus ve analizler bu
yonteme gore kestirilmistir. Madde parametrelerinin kestirimi i¢in Parscale 4.1 programindan
yararlanilmistir. Kalibre agamasinda Bayes modellerini temel alan modellerden Expected A Posteriori
(EAP) yontemi kullanilmistir.

Olgek Déniisiimii i¢in NEC deseninde ortak degiskenler ortak madde yerine kullanilarak 24 madde
iizerinden analizleri gerceklestirilecektir. NEAT deseninde de ortak maddeler, NEC deseni ile
karsilagtirmay1 saglayabilmek icin, dis ortak madde olarak alinmistir. IRTEQ programu ile 6l¢ekleme
yapilmistir. Arastirmada 6. kitapgik hedef test olarak belirlenmistir. 5. kitapgik temel test olarak
alinmis ve gercek puan hesaplanmistir.

Parametrik olmayan bayes (bnp) yaklagimina gore test esitleme. BNP yontemi kullanilarak yapilan
esitleme calismalari ile eski ve yeni test puanlari arasinda kurulabilecek iliski ortak degiskenlerin
stirece katilmasi ile sekillendirilmistir. Modelde yer alan parametrelerin kestirimlerinde uygun

ISSN: 1309 - 6575 Egitimde ve Psikolojide Olcme ve Degerlendirme Dergisi 209
Journal of Measurement and Evaluation in Education and Psychology



Journal of Measurement and Evaluation in Education and Psychology

sonuclar elde edebilmek icin MCMC yontemi kullanilmistir. MCMC 6rnekleme siireci ile hazirlanan
dosyalarda DBPP modeli kullanilarak veriye uygun parametreler ve ortak degiskenler
birlestirilmektedir. Kanada ve Italya veri setleri icin ayr1 ayrt MCMC siiregleri yiiriitiilmiistiir. Daha
sonra ise esitleme fonksiyonundan yararlanarak esitlenmis puanlar elde edilmistir. Calismada elde
edilen puan dagilimlar ile birlikte giiven araliklarina da yer verilmistir.

BNP modeli i¢in, Gonzalez ve digerlerinin (2015a, 2015b) c¢aligmalarinda kullanmis oldugu
formiillerden yararlanilarak R 3.2.1 programinda kodlar olusturularak analizler gergeklestirilmistir.

Karsilagtirma kriteri: Calismada, MTK yontemleri ile BNP Yontemi ile elde edilen esitlenmis puanlari
karsilastirmak icin istatistiksel bilgi veren ve esitlenmis puanlara ait dagilimlarin hedef teste olan
uzakliklarini inceleyen Hellinger Uzaklig1 kullanilmastir.

Sonuc ve Tartisma

Arastirmada ortak maddelerden elde edilen puanlar dis ortak test olarak alinmigstir. Ortak maddelerin
parametreleri lizerinden yapilan Olgekleme sonucunda Stocking-Lord yonteminin diger MTK
yontemlerine gore daha hatali kestirim yapmis olsa dahi gercek puan olarak hedef teste daha yakin
degerler iirettigi seklinde ifade edilebilir. Li, Jiang ve von Davier (2012) de arastirmasinda MTK
gercek puan esitleme ile elde edilen puanlarin daha dogru ve kesin oldugunu vurgulamaktadir.

BNP modelinde ortak degisken olarak sadece cinsiyet ele alindiginda, kiz ve erkek 6grenciler igin
kitapgiklarda benzer dagilimlar elde edilmistir. Cinsiyet degiskenin kitapgiklar arasindaki farki
gostermede yetersiz oldugu sonucu goriilse de 6.kitapgigin 5.kitapgiktan daha kolay sorular icerdigi
sonucu elde edilmistir. Ortak degisken olarak cinsiyetin kullanildig1 aragtirmalar literatiirde gormek
miimkiindiir (Branberg & Wiberg, 2011; Gonzalez & Wiberg, 2017; Gonzalez ve digerleri, 2015a,
2015b; Liou ve digerleri, 2001). Ayn1 kitapgig1 almis olan kiz ve erkek dgrenciler i¢in giiven araliklar
farklilik gosterse de dagilimlari oldukga benzer olup cinsiyetin matematik performansi lizerinde
onemli bir etkisinin olmadigin1 gostermektedir. Literatirde bu durumu destekleyen benzer
calismalarin yer aldigim1 gormek miimkiindiir (Hall & Hoff, 1988; Lindberg, Hyde, Petersen, & Linn,
2010; Thien & Darmawan, 2016).

BNP modelinde ortak degisken olarak MATHEFF alindiginda tiim diizeylerdeki bireylere yonelik ii¢
boyutlu bir dagilim grafigine yer verilmistir. Orta ve yiiksek puana sahip bireylere ait dagilimlar
benzerlik gostermis, diisiik diizeydeki puana sahip bireylere ait dagilimlar ise farklilagmigtir.
Kitapgiklarin her ikisi i¢in de dagilimlar MATHEFF puan diizeyinde gore degisim gosterdiginden,
MATHEFF degiskeninin matematik performansinda bireyler arasindaki farki ortaya koydugu
sonucuna ulasilmaktadir. Dolayisi ile MATHEFF ortak degiskeninin matematik basarisini agikladigi
sonucuna ulagilabilir. Literatiirde MATHEFF degiskeninin matematik basarisini agikladigini gosteren
caligsmalar yer almaktadir (Ayotola & Adedeji, 2009; Ding, 2016; Hackett & Betz, 1989; Kogar, 2015;
Thien & Darmawan, 2016; Schulz, 2005; Siegle & McCoach, 2007). Geleneksel yontemle yapilan
esitleme ¢alismalarinda bireylere ait 6nsel bilgilere yer verilmemesi durumunda her birey i¢in egitleme
dagilimlar1 aym olarak alinacaktir. Bu c¢alisma ile bireylere ait puan dagilimlarinin alt gruplarda
farklilagmasi kontrol altinda tutularak, alt gruplara gore esitlenmis puanlar elde edilmistir. MATHEFF
degiskenin modelde kullanilmasi ile esitlenmis puanlardan elde edilen dagilimin, hedef testteki
puanlara yaklastigi sonucunu ortaya ¢ikarmaktadir. NEC deseninde ortak degiskenlerden elde edilen
dagilimlara ait kategorilerin alt gruplar i¢in ayn1 olmasi1 (Wiberg & Branberg, 2015) varsayimdan
yararlanilarak kitapciklar arasindaki farklar gdzlenebilmektedir. MATHEFF degiskeninin her iki
kitapcikta da benzer dagilimlar vermis olmasi ile kitapgiklar arasindaki farki tam olarak
aciklayamadigi veya kitapgiklarin birbirlerine oldukga benzer olduklari sdylenebilir. Fakat bu
durumda dahi, bu alt problem i¢in elde edilen sonuclarda 5.kitap¢igin, 6.kitap¢iga kiyasla zor sorular
icerdigi ifade edilebilir.

MATHEFF ve cinsiyet birlikte ortak degisken olarak BNP modelinde kullanildiginda daha 6nceki alt
problemlere kiyasla modelde daha detayl bilgiler elde edilmistir. Bu alt problem ile hangi degiskenin
bireylerin matematik basarisina ait dagilimlarini ne kadar degistirdigini gormek miimkiindiir. Bu iki
degisken birlikte ele alindiginda, her kitapgik ve MATHEFF degiskenindeki her puan diizeyi i¢in farkli
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dagilimlar olusturdugundan, bu degiskenlerin birlikte hem kitapgiklar arasindaki farki hem de
matematik basarisini agiklayabildigi sonucunu ortaya koymustur. iki ortak degisken kullanimu ile elde
edilen esitlenmis puanlarin dagiliminin hedef test puanlarina ait dagilima yaklastigi sonucu
gbzlemlenmistir.

BNP modelinde ortak madde puanlari ortak degisken olarak alindiginda bireylere ait elde edilen puan
dagilimlar1 sadece diisiik puanlarda ve ¢ok az bir ranjda degismektedir. Dolayisi ile ortak maddelerden
yiiksek puan alan bireyler ile diisiik puan alan bireylerin puan dagilimlar1 benzerlik gostermektedir.
Bu da farkli diizey ortak madde puanina sahip 6grencilerin matematik bagarilar1 arasinda net bir ayrim
yapilmadigini gostermektedir. Yani ortak maddelerin ayni diizey ve tek tip oldugu veya direkt test
puanlarina etki ederek dagilimlarini degistirdigi sonucunu ortaya ¢ikarmaktadir. iki kitapcik icin de
bu durum benzer sekildedir. Ancak ortak madde puanlarinin 5kitapgikla daha yiiksek korelasyon
vermesi ve bu kitapegiktaki dagilimlarda daha cok degisim yapmis olmasi, ortak maddelerin
5.kitapgiktaki sorulara daha ¢ok benzedigi ve bu kitapgiktaki farkli puan almis alt gruplar arasinda
daha fazla ayrim yaptigmi gostermektedir. Ortak madde puanlarindan elde edilen dagilimlarin
kitapgiklara gore biiyiik bir farklilik gdstermemesi, ortak maddelerin matematik basarisini yeterli
diizeyde aciklamadigi sonucunu ortaya c¢ikarmistir. Ortak madde puanlarinin kullanilmasi ile elde
edilen esitlenmis puanlar ile hedef teste ait dagilim arasindaki uzaklik yontemin etkili oldugunu ancak
iki ortak degisken kullanilmasinin ortak maddelerden daha etkili oldugu sonucunu ortaya ¢ikarmustir.
Ortak maddelerin esitleme icin gereken ozellikleri tasimadigi veya test esitleme i¢in varsayimlarin
ihlal edildigi durumlar i¢in, ortak degiskenlerin kullanilmasinin esitleme siirecinde daha uygun
sonuglar verecegini destekleyen ¢aligmalar literatiirde yer almaktadir (Dorans & Holland, 2000; Liou
ve digerleri, 2001; Wright & Dorans,1993).

Sadece MATHEFF ve sadece cinsiyet degiskeni kullanildiginda dagilimlar kitap¢iklara gore asir bir
farklilik gostermemektedir. iki ortak degiskenin kullanildigi modelde dagilimlarm kitapgiklara gore
farkliliklart agik bir sekilde goriilmekte; ortak madde puanlarmin kullanildigi modelde ise diisiik ortak
madde puanlarinda kitapgiklara gore dagilimlarin farklilagtigt goriilmektedir. Bu durum BNP
modellerinde; ortak madde puanlarinin kitapgiklar arasindaki farki, sadece MATHEFF degiskeni
kullanildig1 modelden daha ¢ok acikladigi sonucunu ortaya gikarmaktadir.

Biitiin BNP modellerinde farkli ortak degiskenler kullanilsa dahi 6.kitap¢igin 5.kitapgiktan daha kolay
oldugu ve bu kitapgikta bireylerin yiiksek puan olma yogunlugunun fazla oldugu sonucu ortaya
¢ikmaktadir. Ayni sekilde yine her model igin 5.kitapgiktaki sorularin daha ayirici oldugunu séylemek
mimkiindiir.

Esitlenmis puanlara ait dagilimlar ve bu dagilimlarin hedef teste uzakliklari incelendiginde MTK
yontemleri ve BNP modelleri arasinda karsilastirma yapmak kolaydir. BNP modeli ile elde edilmis
olan esitlenmis puanlar i¢in hesaplanan Hellinger Uzakligi, MTK 6l¢ek doniistiirme yontemlerine gore
oldukga diisiik olup, bu dagilimlar hedef teste daha yakindir. Bu dagilimlardan en yakin uzaklig: iki
ortak degiskenin kullanildigi BNP modeli vermistir. Dolayisi ile esitlenmis puan-hedef teste ait
dagilimlarin birbirlerine MTK yontemlerine kiyasla yakinlastigi ve bu model kullanilarak daha kesin
kestirimler elde edildigi sonucuna ulasilmistir. Bayes yonteminin klasik yontemlerden daha iyi
kestirim yaptigin1 ve daha yararl bilgiler i¢in de kullanilabilecegini ifade eden ¢aligsmalar bu sonucu
desteklemektedir (Karabatsos & Walker, 2009; Kruschke, Aguinis, & Joo, 2012; van de Schoot ve
digerleri, 2013).

BNP modeli ile grup degismezligi kontrol altinda tutuldugu gibi dagilimlarin diizensizligi ve
siireksizligi de giderilmis oldugundan; diger esitleme yontemlerinde kullanilan 6n-diizgiinlestirme,
bant genisligi parametresinin se¢imi ve esitlemenin standart hatasinin tiiretilmesine ihtiyag
duyulmamaktadir (Gonzalez ve digerleri, 2015b). Bu durum ise modelin 6nemliliginin bir
gostergesidir (Karabatsos & Walker, 2009).
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