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ABSTRACT. In this study, pole points of motion, pole trajectories, velocities,
accelerations and relations between velocities and accelerations are obtained.
In addition we gave some new theorems

1. INTRODUCTION

Grossman and Katz introduced multiplicative calculus which is also called Non-
Newtonian calculus. They defined derivative and integral in the multiplicative
sense. We refer to Grossman and Katz [11], Stanley [18], Campbell [9], Grossman
[12, 13], Jane Grossman [14, 15] for different kinds of Non-Newtonian calculus and
its practices. Bashirov et al [3] given the entire mathematical definition of multi-
plicative calculus. An extension of multiplicative calculus to functions of complex
variables can be found in [1, 2, 19, 20, 21]. Cakmak and Basar [8], characterized
matrix transformations in sequence spaces based on multiplicative calculus. K.
Boruah and B. Hazarika [5], have given the real number line and perpendicular
axes system in multiplicative calculus. Gurefe [16], defined vector spaces, inner
products and operations on matrices. K. Boruah and B. Hazarika [22] have given
some conclusions about geometry. Selahattin Aslan et al. [23], gave geometric 3-
space and multiplicative quaternions. Semra Kaya Nurkan et al. [24], gave vector
properities of geometric calculus. Es [25], gave some basic concepts on the one-
parameter motions witih multiplicative calculus.

2. BASIC CONCEPTS
Sentence R(G) can be defined as follows
R(G) = {exp(p) = ¢’ : p € R} (2.1)
with the multiplicative addition
P ®e" = Pt (2.2)
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and the multiplicative multiplication
e @e" =ePl" (2.3)

all e? e” € R(G). On the R(G) sentence, we can define addition @& and multipli-
cation ®, respectively (i.e.,(R(G),®,®) ), and it is a field with multiplicative zero
e = 1 and multiplicative identity e! = e. The connection between simple mul-
tiplicative operations and common arithmetic operations for each p,r elements of
R(G) can be given as follows.

p&r=npr,
per="=
T

p® r :plnr _ rlnp7

_1
por=pwr, p#l,

V& = et

—lo — 10;;1)
pe = emer,

ViRe” =l
pé =pRp=7p"?,
p®e=p, pol=p,
and thus we can write
P Re" =eP" P @e” =Pt
ePoe" =eP7" P e = eg,
Ver® = ev?.
Positive and negative multiplicative real numbers can be defined as follows
RY(G) = {m € R(G) : m > 1}
and
RT(G)={meR(G):0<m <1},
respectively, [16, 20, 22].
The sentence R?(Q) is defined as follows

R?(G) = {p° = (eP*,eP*) : P, eP* € R(G)} C R?

P Er° = (e, e) @ ()
= (6171 D 67"1’6;02 D 67"2)
— (eP1+T176172+T2)

and the multiplicative scalar multiplication as
e @p° = e’ ® (eP, eP?)

= (e @l e’ ® eP?)
= (e, e ),

where e¢ € R(G), p°, r° € R%(G).
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Definition 1. We can define multiplicative calculus absolute value as follows

G p , p>1,
‘p| = 1 , b= 17
pt o, p<l,

where p € R(G) [20].

Definition 2. The relationship between the multiplicative derivative and the clas-
sical derivative is as
f*(")(a:) — I f@)™

[1, 2, 3, 7, 10, 16].
Definition 3. The relationship between trigonometry and multiplicative trigonom-
. . i in, 0
etry is as sing 6 = 5% cos, 6 = €Y tan, = et = ::&l‘:ﬁ [4, 22, 23, 25].
Definition 4. An 2 x 2 multiplicative matriz is defined by
di11 di2
e e

D = |: ed21 pd22 :|

where e®11 etz ed21 ed22 ¢ R(G). Let D and G be two multiplicative matrices and

D ® G = FE be the multiplication of these matrices, where

FE =

da1911+d22921 ed21912+d22922

ed11g11+d12921 ed11912+d12922 ]

Definition 5. 2 x 2 type identity matriz in multiplicative calculus is

e 1
1_[1 }
If matriz F is a 2 x 2 type matriz and FT @ F = F @ FT = I, then F is called a

multiplicative orthogonal matriz.

3. PLANE KINEMATICS IN HOMOTHETIC MULTIPLICATIVE
CALCULUS

Definition 6. The inner product of R*(G) in multiplicative plane is
<oz,ﬁ>G = gmbrtazbe (3.1)
where a = (a1, ), B = (B1,2) € R?(G) [16, 23, 24, 25].
Definition 7. The norm of a multiplicative vector a = (a1, ) is
Joll® = e al® = eV (3:2)
(16, 23, 24, 25).
Definition 8. The multiplicative unit circle S*(G) in R*(G) can be defined as

SUG) = {p* = (e, ) e RHG) : (1) = ¢} (3.3)

= (cosy 0,sing ) = (60059’ oSin 9) .
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Definition 9. Let u = (e“,e%?) and v = (e, e"?) be unit vectors in R%(G). Then

the equation
eC0s 6 e~ sin 6 U1 eVt
|: esiné eCos@ :| ® |: eu2 :| = |: ev2 :| (34)
represents a rotation in R%(G) of the multiplicative vector u by a multiplicative
angle 0 € R in positive direction around the origin O = (1,1) of the Cartesian
coordinate system of R*(G). We will call this rotation as multiplicative planar
rotation. After this rotation multiplicative vector u turns to the multiplicative vector

£C0s 6 e~ sin 6

v. Here A(f) = [ sind  geosd } is a rotation matriz in multiplicative plane.

Definition 10. In the multiplicative plane, a parameter homothetic multiplicative
calculus motion is defined as

HERNH

e e (&

where, B =h® A, A € SO(2)g, A is a positive orthogonal matriz. Here h =
h(t), A= A(t) and C = C(t) are functions that can be differentiated with respect
to the time parameter t to any order. Y, X and C are 2x real matrices, andY, X
and C' € R3(G). Equation 3.5 can be also given as

Y(t) = B(t) @ X(t) & C(t) (3.6)

el e*1 e
vl ]-[E e8]
where Y and X are the position vectors of the same point B, respectively, for the
multiplicative fixed and multiplicative moving systems, and C' is the multiplicative
translation vector. By taking the derivatives with respect to t in 3.6, we get

Y"=B*"XeBeX"aC* (3.7)

Here Vo =Y*,V; = B*® X ®C*and V;, = B® X* are named absolute, sliding,
and relative velocities of the multiplicative motion, respectively. These motions in
multiplicative plane R*(G) are indicated by By = M /M’ where M’ and M are fived
and moving multiplicative planes, respectively. If the equation 3.7 is differentiated
with respect to parameter t, we get

Y*=B"*"X0e (B X")0oBe X o C, (3.8)
by =b, ®b. Dby (3.9)

where the velocities
by =Y by =B @X®C*™ b =B® X" andb. =e*® (B*® X*)  (3.10)

are named absolute acceleration, sliding acceleration, relative acceleration and Cori-
olis accelerations, respectively.

Definition 11. The velocity vector V,. of the point X according to the moving plane
M s called the relative velocity vector of X .

Definition 12. The velocity vector V, of the point X according to the fized plane
M’ is called the absolute velocity vector of X. Thus from equation 3.7 the relation
between V,, Vi, and V;. velocities is

V.=V;aV, (3.11)
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If X is a fixed point in multiplicative moving plane M, then we have V, = V%,
because V., = 1. The equality 3.11 is said to be the velocity law of the motion
By = M /M'. Based on this information, we can state the following theorem.

Theorem 1. In homothetic multiplicative motion, the absolute velocity vector is
equal to the sum of the sliding velocity vector and the relative velocity vectors. So
1t 1s

V., = Vf ® V.

4. POLES OF ROTATING AND ORBIT IN HOMOTHETIC
MULTIPLICATIVE CALCULUS

Definition 13. In a homothetic parameter motion in the Fuclidean sense, the
points (where the sliding velocity V; at each moment t is multiplicative zero for a
fized point X in space) are moving and fixed points on the fixed plane. These points
are the pole points of the motion.

Theorem 2. In a motion By = M /M’ whose multiplicative angular velocity is not
multiplicative zero, there is a single point that remains fixzed in both multiplicative
fixed plane and multiplicative moving plane at each time t.

Proof. Since point X is fixed in both the moving and fixed planes, V,, = 1 and
V¢ = 1. Therefore, for such points, if V; = 1, then,

B'eXaelC =1, (4.1)
and _
X=e¢'® (B*)m%v ® C*,
where (B*)mimv is the multiplicative inverse of B*. Since

5o A - ec059 e~ sin 6 B ehcos@ e—hsin9 o
=e esin 6 cos 6 - eh sin 6 eh cos @ )

I
—
S
[SEES)
—

e
eh/ cos §—hf’ sin e—h' sin §—h6’ cos ea'
* *
B = eh' sin +ho6’ cos 6 eh' cos @—hO’ sin 6 ’ "= eb' ’
N2 2 .
we get detG(B*) = (M) +(h0)" £ 1 Thus B* is regular and
. m—inv 1 eh' cosO—h6’ sin 6 eh' sin O+h6’ cos 6

_ h')2 he’)2

(B ) = e®DTHRNT @ efh' sin @—ho’ cos 0 6h' cos 0—ho’ sin 0 (42)

(I

Therefore, the equation V; = 1 has a unique solution X. Point X is the pole
point in plane M. Consequently from 3.1;
e(—a'B —b'ho") cos 0+ (a’'ho’ —b'R’) sin 0
(@' h0’—b'R) cos 0+(a’h'+b'ho") sin 0 ] ]

X =P= e(h'>2+l<he'>2 ® { (4.3)

and the pole point in the fixed plane is given as
(P)=Be@PaC (4.4)
If the necessary calculations are carried out it can be obtained

o [ ZZ } (4.5)

N e—a’h/h—hz’b’e’
(P)’ = e WNZTHnNZ

ehza’G/—h’hb’
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—a’h'h—n2b'0’
e hZrnanz T4

li
(P) = h2a’0’ —h'hb! ) (46)
e (h)2+(no")? +b
or as a vector
—a'h h—h2b"0’ h2a’0’ —h'hb!
(P) = <e [COLERCE +a,e (D2 F(ho7")2 +b> . (4.7)

Here we assume that €’(t) # 1, for every t, i.e., non zero angular velocity. In this
situation, there is only one pole point in each of the moving and fixed planes of
each moment t.

Corollary 1. If 6(t) = t, then equation 4.3 will be obtained as

el

a’h—b"h’) cos 6+ (a’h’+b"h) sin 0

1 —a’h’—b"h) cos 0+(a’h—b"h’) sin §
X =P = emH2+n?
e X o

Corollary 2. For 6(t) =t and h(t) = 1, then equation 4.8 will be obtained as

e
ea' cos 0+b’ cos 6

a’ sin 0—b’ cos 0
X=P=

Corollary 3. Let 0(t) = t, then equation 4.7 will be obtained as

—a' B h—h2b’ h2a’ —n'hb’
P = <e GNZERE O o TN In? Al

Corollary 4. For 0(t) =t and h(t) = 1, then equation 4.7 will be obtained as

Pl _ (efb'%»a ea’er) .
Definition 14. In multiplicative plane motion, the point P = (p1,p2) at time t is
called the multiplicative pole of rotation or the center of sudden rotation.

Theorem 3. The relationship between the sliding velocity vector V¢ and the pole
passing from pole P to point X at every time t is as follows

Vi€ @ cosy 8 = h* @ ||P'Y |
Proof. The pole point in multiplicative moving plane Y = B ® X ¢ C implies that
x=B)""e{oEYH)er), (4.8)
Vi=B*"@XeC' and B"@Xae(C" =1
that leads to

X=P=e¢lo®B)" "™ aC" (4.9)
Now let us find pole points in multiplicative fixed plane. We have from equation
Y=BXael (4.10)

m—inuv

Y’:P’:B®<6_1®(B*) ®C*)@C),

Hence, we get

m—inuv

C* = B*® (B) ®(Ceae'er))
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If we substitute this values in the equation V; = B* ® X © C* we have V; =

B*® (B)miim ® P'Y. Now let us calculate the value of B* ® (B)mimv ® P'Y,
where P'Y = (e¥1~P1 e¥27P2) then
L/(yl —p1)—0'(y2—p2)
ehn
Vf - 69’(91—101)-%%,(112—;02) ] (4'11)
or as a vector
Vi = (e%’(y1—p1)—9/(y2—;02)769/(91—171)4'}17,,(?42—:02)) , (4.12)

hence we obtain

<Vfa P/Y>G

B (1 —p1)—6 (o — =1 )4 B (e — _ o\ &
<6 = (y1—p1)—0" (y2 P2)769 (y1—p1)+5(y2 P2)76y1 pl’eyQ p2> (413)
n! ’ 2
— P

on the other hand we know that

V3, P'Y)" = ||[Vf]|“ @ | P'Y|| @ cos, , (4.14)
Thus, from the equalities in 4.13 and 4.14 we have that
IVi11€ @ cosy 6 = h* @ | P'Y|€ . (4.15)

Corollary 5. If the scalar matriz h is constant, the sliding velocity vector Vy is
perpendicular to the pole ray passing from the pole P to vector X.

Corollary 6. In a By = M /M’ multiplicative motion, the focus of the point X of
M is an orbit, which it’s normals pass through the rotation pole P.

Theorem 4. The norm of the sliding velocity vector is as

h\?
Wil = () + @2 1Py ). (4.16)
Proof.
Vi = (e%l(ylfpl)*el(y2*p2)’eel(ylfpl)+%(y2fp2)) ,
hence

!

h 2
Wile = /() + @2 1Py

Corollary 7. If h is constant, the norm of the sliding velocity vector is
G
Vi ll™ = exp (6| [|P'Y]]).- (4.17)
Theorem 5. The speed that occurs when drawing the curve (P) at point M at X
is called V,.. At the same time, V, is the speed that occurs when drawing the (P)’

curve of this point in the plane M'. These velocities are equal to each other at time
t.

Proof. Vo =V; ®V,, since Vy =1,V, =V,. O

Definition 15. The absolute acceleration vector of point X according to the plane
M’ is V. This vector V, is determined by b,. Since V, =Y* then b, =V} = Y**.
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Definition 16. Let X be a fized point on the moving plane M. This acceleration
vector of the point X according to the fized plane M’ is called the sliding accelera-
tion vector and is determined by by. Since acceleration of the multiplicative sliding
acceleration X is a fived point of M, then by =V = B** @ C**.

5. ACCELERATIONS AND UNION OF ACCELERATIONS IN
HOMOTHETIC MULTIPLICATIVE CALCULUS

Definition 17. If the derivative of the vector V, = B X™ is taken, the vector V;} =
b, = B ® X*™* is obtained. The vector is called multiplicative relative acceleration
vector and will be denoted by b,..Considering point X as a moving point in M,
matriz B is taken as constant

Theorem 6. Let X be a point moving in the plane M according to a parameter t.
The relation between multiplicative acceleration formulas of this point is as

bo = by @ b ® by,
where b, = €2 ® B* ® X* is denoted multiplicative Corilois acceleration.

Corollary 8. If point X is a fixed point of multiplicative moving plane, multiplica-
tive sliding acceleration of point X is equal to multiplicative absolute acceleration
of that point.

Proof. Note that
Vo=B"®X®BoX"&C"
Differentiating the both sides we have
Va*:B**®X@€2®(B*®X*)@B®X**@C**,

since the point X is constant its derivative is 1. Hence

b, =V
= by.
O
Theorem 7. The relationship between V,. and b. can be given as
(be, V;)¢ = exp (2nK (z)? + 21?) .
Proof.
V. =B®X",
be=e*® (B*® X*"),
So it is obvious that
(be, V;)¢ = exp (2nn' (1% + 217) .
O

Corollary 9. If h is a constant, then the Coriolis acceleration b, is perpendicular
to the relative velocity vector V, at each instant moment t.
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6. THE ACCELERATION POLES ON THE MOTIONS

The solution of the equation by = Vi=B"®X® C** gives us multiplicative
acceleration pole of multiplicative motion.Vy = B @ X @ C** implies X = e ' ®

m—inuv m—inuv

(B**) ® C**. Now calculating the matrices e™' @ (B**) and C**, and
setting these in X = P, = e 1 ® (B**)m_mv ® C**, we obtain
e%(a”(—r cos 042z sin 0)—b"’ (r sin 0+2 cos 9))
X=P= e%(a”(r sin @4z cos 0)+b"' (—r cos +z sinG)) ) (61)

Here, the first-order pole curve of the plane M is denoted by P;. If the pole curve
of the plane M’ plane is represented by Pj, then

Pl=BoP &C (6.2)
Hence
ES —hra”—hzb”)-i—a
’ eT(
P = e%(hza”—hrb”)+b 1 (6.3)
or as a vector
Pll — (e%(7h7'a”7hzb”)+a7 e%(hzaﬁfhrb”)er) , (64)

where 7 = B — h(#))%,z = 20 + hO", T =12 2.
Corollary 10. If 6(t) = t, then equation 6.1 will be obtained as

-1
e (W"—h)2+4(h

2 (a” (=(h"'—h) cos §+2h’ sin §)—b"' ((h"' —h) sin §+2h’ cos ) )
X=P =

em (@ ((h"" —h) sin 042h' cos 0)+b"' (—(h" —h) cos 0+2h' sin 9))

Corollary 11. If 6(t) =t and h(t) = 1, then equation 6.1 will be obtained as

ea” cos O+b" sin 6

—a'’ sin 04b" cos 6

X=P=
e

Corollary 12. If 0(t) = t, then equation 6.4 will be obtained as

Pl = (eww(h(h”h)a”2hh’b”)+a7€MW(2hh’a”h(h”h)b")+b) .
(6.7)

Corollary 13. If 0(t) =t and h(t) = 1, then equation 6.4,will be obtained as

Pl = (e*a”ﬂ, eb”“’) . (6.8)

7. CONCLUSIONS

In multiplicative homothetic motions, velocities in plane motion, the relationship
between velocities, pole points, and pole curves are given. Additionally, multiplica-
tive accelerations and multiplicative acceleration combinations have been found.



46 HASAN ES

8. ACKNOWLEDGMENTS

The author would like to thank the reviewers and editors of Journal of Universal
Mathematics.

Funding
The author declared that has not received any financial support for the research,
authorship or publication of this study.

The Declaration of Conflict of Interest/ Common Interest
The author declared that no conflict of interest or common interest

The Declaration of Ethics Committee Approval
This study does not be necessary ethical committee permission or any special
permission.

The Declaration of Research and Publication Ethics

The author declared that they comply with the scientific, ethical, and citation
rules of Journal of Universal Mathematics in all processes of the study and that
they do not make any falsification on the data collected. Besides, the author
declared that Journal of Universal Mathematics and its editorial board have no
responsibility for any ethical violations that may be encountered and this study has
not been evaluated in any academic publication environment other than Journal
of Universal Mathematics.

REFERENCES

[1] A. E. Bashirov, M. Riza, On Complex multiplicative differentiation, TWMS J. App. Eng.
Math. Vol.1, No.1, pp.75-85 (2011).

[2] A. E. Bashirov, E. Misirly, Y. Tandogdu, A. Ozyapici, On modeling with multiplicative differ-
ential equations, Appl. Math. J. Chinese Univ. Vol.26, No.4, pp.425-438 (2011).

[3] A. E. Bashirov, E. M. Kurpinar, A. Ozyapici, Multiplicative Calculus and its applications, J.
Math. Anal. Appl. Vol.337, pp.36-48 (2008).

[4] K. Boruah and B. Hazarika, Application of Geometric Calculus in Numerical Analysis and
Difference Sequence Spaces, J. Math. Anal. Appl., Vol.449, No.2, pp.1265-1285 (2017).

[5] K. Boruah and B. Hazarika, Some basic properties of G-Calculus and its applications in nu-
merical analysis, arXiv:1607.07749v1 (2016).

[6] A.F.Cakmak, F. Bagar, On Classical sequence spaces and non-Newtonian calculus, J. Inequal.
Appl. Art. ID 932734, 12 pages (2012).

[7] E. Misirli and Y. Gurefe, Multiplicative Adams Bashforth—-Moulton methods, Numer. Algor.
Vol.57, pp.425-439 (2011).

[8] A. F. Cakmak, F. Bagar, Some sequence spaces and matrix transformations in multiplicative
sense, TWMS J. Pure Appl. Math. Vol.6, No.1, pp.27-37 (2015).

[9] D. Campbell, Multiplicative Calculus and Student Projects, Vol.9, No.4, pp.327-333 (1999).
[10] M. Coco, Multiplicative Calculus, Lynchburg College, (2009).

[11] M. Grossman, R. Katz, Non-Newtonian Calculus, Lee Press, Piegon Cove, Massachusetts

(1972).

[12] M. Grossman, Bigeometric Calculus: A System with a scale-Free Derivative, Archimedes
Foundation, Massachusetts (1983).

[13] M. Grossman, An Introduction to non-Newtonian calculus, Int. J. Math. Educ. Sci. Technol.
Vol.10, No.4, pp.525-528 (1979).

[14] J. Grossman, M. Grossman, R. Katz, The First Systems of Weighted Differential and Integral
Calculus, University of Michigan (1981).



PLANE KINEMATICS IN HOMOTHETIC MULTIPLICATIVE CALCULUS 47

[15] J. Grossman, Meta-Calculus: Differential and Integral, University of Michigan (1981).

[16] Y. Gurefe, Multiplicative Differential Equations and Its Applications, Ph.D. in Department
of Mathematics (2013).

[17] W.F. Samuelson, S.G. Mark, Managerial Economics, Seventh Edition (2012).

(18] D. Stanley, A multiplicative calculus, Primus IX 4, pp.310-326 (1979).

[19] S. Tekin, F. Basar, Certain Sequence spaces over the non-Newtonian complex field, Abstr.
Appl. Anal. Article ID 739319, 11 pages (2013).

[20] C. Tirkmen and F. Bagar, Some Basic Results on the sets of Sequences with Geometric
Calculus, Commun. Fac. Fci. Univ. Ank. Series Al. Vol.61, No.2, pp.17-34 (2012).

[21] A. Uzer, Multiplicative type Complex Calculus as an alternative to the classical calculus,
Comput. Math. Appl. Vol.60, pp.2725-2737 (2010).

[22] K. Boruah and B. Hazarika, G-Calculus, TWMS J. App. Eng. Math. Vol.8, No.1, pp. 94-105
(2018).

[23] S. Aslan, M. Bekar, Y. Yayli, Geometric 3-space and multiplicative quaternions, International
Journal 1 of Geometric Methods in Modern Physics, Vol.20, No.9 (2023).

[24] S. Nurkan, K. I. Giirgil, M. K. Karacan, Vector properties of geometric calculus, Math. Meth.
Appl. Sci. pp.1-20 (2023).

[25] H. Es, On The 1-Parameter Motions With Multiplicative Calculus, Journal of Science and
Arts, Vol.2, No.59, (2022).

(Hasan Es) GAz1 UNIVERSITY, DEPARTMENT OF MATHEMATICS, 06500, ANKARA, TURKEY
Email address: hasanes@gazi.edu.tr



