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This study aims to determine the subject matter knowledge and pedagogical content knowledge of
pre-service mathematics teachers concerning the relations related to triangles in the middle school
mathematics curriculum based on the "Mathematical Knowledge for Teaching" model. The pre-
service teachers' knowledge of mathematical representations for triangle relations, their situation in
proving these relations, their knowledge of teaching these relations, and their knowledge of the
difficulties that middle school students might face were evaluated for this purpose. Forty-five pre-
service teachers attending a state university participated in this qualitative investigation. Four open-
ended questions were used to gather data on each of the five relations on triangles. Data were
analysed using content analysis. The findings revealed that the pre-service teachers' subject matter
knowledge about triangle relations was not sufficient, and there were deficiencies in their
pedagogical content knowledge. Within the scope of subject matter knowledge, it was determined
that pre-service teachers generally could not express the mathematical representations of the
relations related to triangles correctly and used notations incompletely. It was seen that most of the
pre-service teachers could not provide valid proof. When the pedagogical content knowledge of the

pre-service teachers was evaluated, it was determined that they could focus on student-centered
teaching and create various activities for each of the relations, but they were unable to describe the
steps of the teaching process accurately. The findings showed that most of the pre-service teachers

Pre-Service Middle School
Mathematics Teachers

provided general information about the difficulties that the students might experience. However,
they did not describe the difficulties that might face, especially concerning the relations.

Ortaokul Matematik Ogretmen Adaylarinin Uggenlere iligkin
Bagintilar1 Ogretmek I¢in Matematik Bilgilerinin incelenmesi

Makale Bilgileri Oz
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adaylarinin, ortaokul matematik miifredatinda yer alan iiggenlerle ilgili bagintilara iligkin konu alan
bilgileri ve pedagojik alan bilgilerini belirlemektir. Bunun i¢in 6gretmen adaylarmnin {i¢gen bagmntilar
icin matematiksel gosterimler, ispat yapma durumlart ve bagntilarin 6gretimine dair bilgileri ile

Yiikleme: 3105.2022 ortaokul dgrencilerinin kargilagabilecegi zorluklara iliskin bilgileri degerlendirilmistir. Aragtirma,
Diizeltme: ~ 31.12.2022 nitel arastirma olup, bir devlet {iniversitesinde ogretim gormekte olan 45 Ogretmen aday: ile
Kabul: 02.03.2023 ylirtitiilmiistiir. Veriler, tiggenle ilgili bes bagintiya iliskin dorder tane ag¢ik uglu soru ile toplanmustir.
Anahtar Kelimeler: -Ve-rlilerm an-ah-zm.de: igerik a.nahzl kullanilmistir. ?ulgular f)gfetn:len adaylarhlmln ticgen bagmtilari ile

ilgili alan bilgilerinin yeterli olmadig1 ve pedagojik alan bilgilerinde de eksiklikler oldugunu ortaya
Uc gende bagmntilar, koymustur. Konu alan bilgisi kapsaminda 6gretmen adaylarinin genellikle tiggenlerle ilgili bagintilara
. . . ait matematiksel gosterimleri tam dogru bir sekilde ifade edemedikleri ve notasyonlar: eksik
Ogretmek Igin Matematik kullandiklari tespit edilmistir. Ayrica cogu 8gretmen adaymin gegerli ispat yapamadig goriilmdigtiir.
Bilgisi, Ogretmen adaylarinin pedagojik alan bilgisi degerlendirildiginde ise bagmtilarin her biri igin 6grenci

Ortaokul Matematik ogretmen merkezli 6gretim planlayabildikleri ve gesitli etkinlikler olusturabildikleri ancak, 6gretim siirecindeki

Adaylar1

asamalar1 yeterince agiklayamadiklari belirlenmistir. Yanisira ¢ogu 6gretmen adaymmn, dgrencilerin
yasayabilecekleri zorluklarla ilgili genel bilgiler sunduklar1 fakat bagintilara 6zgii yasanabilecek
zorluklari ifade etmedikleri tespit edilmistir.
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Giris
Ogrenme siirecinin en 6nemli etkenlerinden biri gretmendir. Ogretim esnasinda 6gretmenin
konuya iligkin bilgisinin dogru ve tam olmas1 olduk¢a énemlidir (Shulman, 1986). Alan bilgisinin yani
sira 0gretmenin, konunun 6gretimi sirasinda hangi modelleri kullanmasi gerektigine, etkinlikleri nasil
yapilandirmasi gerektigine ve Ogrencilerin yasayacaklari zorluklari ve bu zorluklar igin alinmasi

gereken Onlemlere iligkin bilgisi de oldukga 6nemlidir (Ball, 2000; Ball, Thames ve Phelps, 2008).

Matematigin bir alt dali olan geometri, bireylerin i¢inde bulundugu diinyay: anlamalarina ve
matematiksel kavramlar iliskilendirmelerine yardim etmektedir (Fidan ve Tiirniiklii, 2010; Luneta,
2015; NCTM, 2000; Patkin ve Levenberg, 2012). Uggenler de bireylerin okul 6ncesi dénemden itibaren
calistiklart geometri konularindan biridir (Ubuz ve Aydm, 2018). flkokulda, {icgen seklinin
tanimlanmasina iliskin temel kavramlar ogretilirken, ortaokulda {i¢genin a¢1 ve kenar 6zelliklerine
iliskin cesitli bagintilarin dgretimi yapilmaktadir. Uggenin i¢ acilariin toplamina iliskin bagint (5.
Sinif), alan bagintisi (6. Sinif), tiggen esitsizligi bagintisi (8. Sinif), ac1 ve kenar iliskilerine iliskin baginti
(8. Sinaf), Pisagor bagintisi (8.smuf) ortaokul miifredatinda yer almaktadir (Milli Egitim Bakanligi (MEB),
2018). Ancak, bu bagintilarin 6gretiminde, 6gretmenlerin izledigi yol genellikle, bagintilarin formiil
olarak verilmesi seklindedir. Kavramsal bir geometri 6gretimi icin Ogretmenlerin geometri alan
bilgilerinin ve geometri dgretimi bilgilerinin yeterli olmas1 gerekir (Gutiérrez ve Jaime, 1999; Jones,
2000). Bu arastirma ile Ogretmen adaylarinin tiggenlerle ilgili bagintilara iliskin bilgileri ve bu
bagintilarin 6gretimine dair bilgileri ile ortaokul 6grencilerinin karsilasabilecegi zorluklara iliskin

bilgilerini belirlemek amaglanmaktadir.
Ogretmek igin Matematik Bilgisi (OMB)

Ogretmen bilgisi kavrami ilk Shulman (1986) tarafindan tanimlanmis ve daha sonra bircok
arastirmaci (6rnegin; Cochran, DeRuiter ve King, 1993; Grossman, 1990) tarafindan detaylandirilmis ve
gelistirilmistir. Baz1 matematik egitimi arastirmacilar: bu kavrami 6zellikle matematik 6gretmenleri i¢in
de tanimlamistir (6rnegin; An, Kulm ve Wu, 2004; Ball ve digerleri, 2008; Fennema ve Franke, 1992;
Rowland, Turner, Thwaites ve Huckstep, 2009). Giiglii ve kavramsal alan bilgisine sahip olmanin yamn
sira, Ogretmenler, kavramlar arasindaki iliskiyi ve 6grencilerin diisiiniislerini bilmelidir. Bu baglamda,
Ogretmenlerin sahip olmasi gereken alan bilgisi ve bu bilginin, &grenci diisiiniisii temelinde,
uygulamadaki kullanim yollar1 6gretim icin temel bilesenlerdir (Ball, 2000). Bu noktada, Ball ve
digerlerinin (2008) uygulamaya koydugu “Ogretmek icin Matematik Bilgisi (OMB)” kavrami

matematige 6zgii oldugu icin matematik egitimcileri tarafindan yaygin bir sekilde kabul gormiistiir.

OMB, Konu Alan Bilgisi (KAB) ve Pedagojik Alan Bilgisi (PAB) kategorilerinden olusmaktadir
(Sekil 1). OMB’deki konu alan bilgisinin bilesenlerinden, Genel Alan Bilgisi (GAB) matematikle ugrasan
herkes tarafindan kullanilan matematiksel bilgidir. Kesirlerde carpma yapmak, karenin dikdortgenin

6zel bir hali oldugunu bilmek, 0/5'in sifir oldugunu bilmek bu bilgi tiiriine 6rnek olarak verilebilir.
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Ogretmenler bu bilgileriyle bir problemi dogru ¢ozer, terim ve notasyonlari dogru kullanir. Uzmanlik
Alan Bilgisi (UAB) ise matematik 6gretimine 6zel ve matematik 6gretmenlerinin sahip olmasi gereken
bilgidir. Kavramsal bilginin de 6tesindedir. Ogretmenler bu bilgileri pedagojik amagclar igin kullanir.
Ornegin, bu bilgiye sahip bir gretmen kesirlerde carpmay1 modellerle gosterebilir, cikarmada ayirma
ve kargilastirma anlamlar1 arasindaki farki bilir, bolmede bolen kesri ters ¢evirip carpmay1 aciklayabilir.
Ogretmen 6grencinin anlamasini saglamak icin matematiksel kavramin hem kavramsal yapisini hem
de gorsel oOzelliklerini bilmelidir. Kapsamli Alan Bilgisi ise, 0gretmenin 0&grettigi matematik
konusunun/kavraminin 6nceki ve sonraki seviyelerdeki iliskili konular hakkinda farkindalig ile
ilgilidir. Kesir kavraminin oran kavramu ile iliskisinin farkinda olma kapsamli alan bilgisine 6rnek

olarak verilebilir.

PAB'm, Alan ve Ogrenci Bilgisi (AOB) bileseni dgretmenlerin, belli bir matematik konusuna
0zgli, 6grencinin diisiinmesini, ilgisini, diizeyini, yasayabilecegi zorluklari, kavram yanilgilarini, sahip
olduklar bilgilerini dikkate alarak derslerini tasarlamalari ile ilgilidir. Ornegin, 6grencilerin kesirlerle
toplama islemi yaparken payda esitlemeden dogal say: gibi diisiinerek toplama yapmasi kavram
yanilgist hakkinda gretmenin bilgisi olmalidir. PAB'in ikinci bileseni olan Alan ve Ogretme Bilgisi
(AOtB) dgretmenlerin 6gretim hakkinda karar verebilmesini, 8gretim igin konulari siralayabilmesini,
ornekleri secebilmesini, modeller ve temsillerin etkililigi hakkinda yorum yapabilmesini gerektirir.
Onceki 6rnekle iligkili olarak, gretmenin bu kavram yanilgisini énlemek icin birim kesirler ve modeller
yardimuyla toplama islemini 6gretmesi bu bilgi tiirtine 6rnek verilebilir. PAB’1n {igiincii bileseni olan
Alan ve Miifredat Bilgisi ise, konulari1 miifredata gore siralama, miifredat tarafindan 6nerilen etkinlikler
ve agiklamalar bilgisi ile ilgilidir. Kesirler konusunun sinif seviyelerindeki kazanimlarini bilme bu bilgi

tlrtine Ornektir (Aslan-Tutak ve Koklii, 2016).

KONU ALAN BILGISI PEDAGOJIK ALAN BILGISI

Sekil 1. Ogretmek igin Matematik Bilgisi (Ball ve digerleri, 2008)

Bu ¢alismada, 6gretmen adaylarinin tiggenlere iliskin bagmtilar hakkindaki bilgisini incelemek
i¢cin OMB modeli kullanilmigtir. OMB modeli matematige 6zgii ve detayli olmasindan dolay1 daha

zengin ve anlamli sonuglar verecegi diisiiniilerek bu ¢alismada tercih edilmistir.
Ogretmen Adaylarinin Ucgenlere iliskin Konu Alan ve Pedagojik Alan Bilgileri

Literatiir incelendiginde, genel olarak 6gretmen adaylarinin geometri alan bilgilerinin yeterli

olmadig1 sonucuna varilmistir (6rnegin; Aslan-Tutak ve Adams, 2015; Couta ve Vale, 2014). Daha 6zel
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olarak ise, tiggenlerin 6gretimine iliskin matematik 6gretmenlerinin bilgilerini incelemeyi amagclayan
calismalar da bulunmaktadir. Bu c¢alismalarin ¢ogu 6gretmen ve Ogretmen adaylarinin konu alan
bilgisine odaklanmaktadir. Bu ¢alismalar, {icgenlere iliskin tanim yapma ve kavram imaji, yiikseklik

bilgisi-algisi, alan kavrami, Pisagor teoremi ve benzer tiggenler konularin icermektedir.

Konu alan bilgisinin 6ncelikli bilesenlerinden biri de tanimlardir (Johnson, Blume, Shimizu,
Graysay ve Konnova, 2014; Zazkis ve Leikin, 2008). Tsamir, Tirosh, Levenson, Barkai ve Tabach (2014)
okul oOncesi Ogretmenlerinin tanimlarini incelemistir. Arastirmacilar, Ogretmenlerin gerekli
matematiksel Ozelliklerini belirterek iiggen tanimini dogru yaptiklarini gérmdiistiir. Ancak, tanimin
dogru olmasinin ii¢genin sekil olarak dogru olusturulmasin1i her zaman gostermedigini de
belirtmislerdir. Benzer bir amagcla, Ulusoy (2021) okul oncesi ve ortaokul matematik Ogretmen
adaylarinin {icgen tanimlar1 ve kavram imajini incelemistir. C)gretmen adaylarinin {iggen tanimu, tiggene
iliskin ornek ve ornek olmayan durumlar1 ve gerekgelerini gerekli ve yeterli 6zellikleri kullanarak
agiklamakta zorlandiklari sonucuna varmistir. Uggenlerin siniflandirilmast agisindan da 6gretmen
adaylarinin ve Ogretmenlerin, dik kenarlarin dikey ve yatay konumda olmadig: dik {i¢genleri ve
alisilmis (prototip) disindaki genis ti¢genleri tanimlamada zorlandiklari belirtilmistir (Van der Sandt ve
Nieuwoudt, 2003; Ward, 2004). Uggen alan bilgisi kapsaminda sikca ele alman kavramlardan biri de
yiikseklik ve dolayisiyla diklik merkezidir. Gutierrez ve Jaime (1999), 6gretmen adaylarinin {icgende
yiikseklik kavramu ile ilgili kavrayislarini arastirmistir. C)gretmen adaylarinin kavrayislarinda ortak
hatalar tespit etmisler ve zayif bir kavram imajlar1 oldugu sonucuna varmuslardir. Hizarci, Ada ve
Elmas (2006) da matematik 6gretmeni adaylarinin az bir kisminin, iiggende yiikseklik ve diklik
merkezini dogru tanimlayabildiklerini, ¢cogunun da diklik merkezini siirekli {i¢genin i¢ bolgesinde
olusturmaya calisigim1 bulmustur. Benzer sekilde, Ogretmen adaylari, dar agih {i¢cgendeki
yiiksekliklerin her zaman {i¢genin i¢ bolgesinde ¢izilmesinden hareketle dik {iggende ve genis agili
tiggende yiiksekligi yanlis gizmislerdir (Altintas ve Ilgiin, 2017; Cunningham ve Roberts, 2010; Gutiérrez
ve Jaime, 1999). Alatorre ve Saiz (2009) da {i¢cgende yiikseklik kavramui ile {i¢gende taban, iicgen
esitsizligi ve Pisagor teoremi baglaminda ogretmenlerin ve Ogretmen adaylarmmin alan bilgilerini
incelemistir. Ogretmenlerin, aday 6gretmenlere gore daha dogru cevaplar verdiklerini bulmuslardar.
Buna ragmen, genel olarak katilimcilarin tiggenle ilgili bu kavramlarin bulundugu maddelerde kavram
yarulgisi ve zorluk yasadiklarimi belirtmislerdir. Bazi 6gretmen adaylari, {icggende sadece bir tane taban
oldugu ve bunun da yatay konumda olmasi gerektigini diisiinmiislerdir (Alatorre ve Saiz, 2009; Altintas

ve Ilgiin, 2017).

Ogretmenlerin ve gretmen adaylarmnin iiggen konu alani bilgisine iligkin aragtirilan bir diger
konu da benzer iiggenlerdir (Ubah, 2021). Ubah (2021) &gretmen adaylarinin benzer {iggenleri
belirlerken ve yazili ifade ederken; notasyonlarin, harflerin, kenar uzunluklar1 arasindaki oranlarin
kullanimlarini incelemistir. Cogu Ogretmen adayi, benzerlikleri yazabilmelerine ragmen, iiggen

benzerligi olarak sembolik ifadeye doniistiiriirken zorlanmigtir. Bunun igin, benzer {i¢genleri



Giindogdu Alayl, F., & Girit Yildiz, D.

belirlerken gorsel temsiller kullanmanin, 6gretmen adaylariin geometri alan bilgilerinin gelisimine
destek olabildigi belirtilmistir (Ubah, 2021). Uggen konu alan bilgisi kapsaminda, deginilen kavramlarin
disinda, 6gretmenlerin {icgenin agirlik merkezi ile diklik merkezi kavramlarini karistirmasi, Oklid
bagintisinda yiikseklik kavramini kullanmas: gibi kavram yanilgilarindan da bahsedilmistir (Altintas

ve Tlgiin, 2017).

Ogretmenlerin ve 6gretmen adaylariin iiggene iliskin formiil ve teoremleri bilmesi ve bunlar1
ispatlayabilmesi de konu alan bilgisi agisindan degerlendirilebilir. Bu agidan, Giiner ve Topan (2016) da
ortaokulda tiggen 6gretiminde kullanilan teoremleri (ticgende i¢ acilarin toplami, Pisagor teoremi, alan
formiilii, agi-kenar iligkisi ve ti¢gen esitsizligi) ele almistir. Arastirmacilar, ilkogretim matematik
Ogretmen adaylarindan bahsi gecen teoremlerin ispatin1 yapmalarimi istemistir. Genelde ispat
becerilerinin zayif oldugunu ve belirli 6rnek degerler i¢in dogrulama yaptiklar1 saptanmistir. ispat

yapan 0gretmen adaylar1 da genellikle basit ve pratik ¢o6ziim yollarin: tercih etmistir.

Ucggenlere iliskin pedagojik alan bilgisi aragtiran calismalarn da genellikle iiggen kavramina,
Pisagor teoreminin Ogretimine, iiggende alan ve {i¢cgenlere iliskin kavram yanilgisi/zorluk bilgisine
odaklandig goriilmiistiir. Jin ve Wong (2021) sekizinci sinuflarda uyguladiklar ii¢ teknigin {icgenleri
kavramsal olarak anlamada roliinii incelemistir. Bu teknikler, 1) kavramlarin anlamina yonelik tanim-
ornek-ornek olmayanlar, 2) kavramlar arasindaki iligkileri anlamaya yonelik kavram haritas1 ve 3)
kavramlar1 ve ozelliklerini kullanarak islem yapmaya yonelik geleneksel kagit-kalem yontemidir.
Arastirmacilar bu ii¢ teknigin de kavramsal anlamay1 saglamak igin birbirini tamamladigi sonucuna

ulagmustir.

Uggenlere iliskin pedagojik alan bilgisinin incelendigi konulardan biri de Pisagor teoreminin
Ogretimidir. Bu teoremin 6grenimini 6gretmen ve 6grenci boyutundan ele alan calismalar vardir. Zazkis
ve Zazkis (2016) matematik 6gretmeni adaylarinin ispat1 verilen Pisagor teoremini 6gretmen-6grenci
diyaloglarini iceren bir senaryo baglaminda devam ettirmelerini istemistir. Ogretmen adaylari
yazdiklar1 senaryolarda cebirsel islemlere ve alisilmis 6grenci hatasina deginmistir. Ayrica bu hatay:
gidermek adina gorsel sayisal gosterim kullanma, hatirlatma yapma gibi gesitli 6gretimsel stratejiler de
onermislerdir. Huang ve Leung (2002) ise ii¢ farkli yerdeki (Hon Kong, Shanghai ve Chech) 6gretmenin
Pisagor teoremi 6gretimlerini analiz ederek sunmustur. Chech ve Hong Kong 6gretmeni teoremi gorsel
olarak dogrulama egilimindeyken, Shanghai 6gretmeni ise matematiksel ispat {izerinde durmustur.
Shanghai 0gretmeni rehberlikle 6grencinin kendi yapilandirmasi ile Pisagor teoremini 6grenmesini
saglarken, diger 6gretmenler 6grenciler i¢in bazi bilgiler de vermistir. Yang (2009), yine bir Shanghai
Ogretmeninin bir 6gretim-arastirma grubu icinde Pisagor teoremi 6gretiminin gelisimini incelemistir.
Cin’deki okullarda genellikle bulunan bu tarz 6gretim-arastirma grubunda, 6grencinin 6grenmesini
destekleme tiizerine yapilan tartismalar sonrasinda dersi revize etme gergeklestirilir. Ogretmen, Pisagor
teoremini {i¢ ayr1 smifa anlatmistir. Ogretmenin ilk dersi teoremi uygulama odakliyken, ikinci ders

Onermelerin gerekgelendirilmesi ve tiglincii ders de 6nermelerin {iretilmesi seklinde revize edilmistir.
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Ogrenci boyutunda ise Moutsios-Rentzos, Spyrou ve Peteinara (2013) Pisagor teoreminin 6gretiminde
kullanilan bir 6gretim tasariminin etkisine bakmaistir. Arastirmacilar Pisagor teoreminin gelistirildigi
Ogretim tasariminda deneysel gruptaki &grencilerin kontrol grubuna gore farkli anlayislar
gelistirebildiklerini bulmustur. Ayrica, dik acili bir ti¢ggenin kokenleri ile birlikte deneyimsel diistinme
ve ardindan bunu soyutlastirarak aksiyomatik sistemde kanitlanmis bir cebirsel ifadeye doniistiirme

siirecinin, 6grenci anlayislarmi destekledigini vurgulamistir.

Ogretmen adaylarinin &grencilerin muhtemel kavram yanilgisi bilgilerinin incelendigi
calismalardan biri de Bilik’in (2016) ¢alismasidir. Bilik (2016), 6gretmen adaylarmin, iiggende alana
iliskin 6grencilerin sahip olabilecegi kavram yanilgisi ve zorluk bilgilerini incelemistir. Ogretmen
adaylari, alanla ilgili olas1 kavram yanilgilarinin ve zorluklarm yiikseklik kavrama ile ilgili oldugunu
belirtmistir. Ozellikle taban ve bu tabana ait yiiksekligi belirlemede problem yasandigini ifade etmisler
ve bu yanilgilar1 gidermek icin de tartisma yontemini onermislerdir. Yurtyapan ve Karatas (2020)
calismalarinda, tiggenlere yonelik agi-kenar iliskisi ve diklik merkezi tespiti kazanimlarina yonelik {i¢
senaryo iizerinden 6gretmenlerin bilgilerini degerlendirmistir. Arastirmacilar, 6gretmenlerin ¢ogunun
iiggende ag1 kenar iliskisine yonelik sorular1 dogru cevaplarken, diklik merkezinin tespiti ile ilgili
soruyu ¢ogu Ogretmenin dogru cevaplayamadigini belirtmistir. Ayrica arastirmacilar 6gretmenlerin
genel olarak 6grencilerin kavram yanilgilarin1 dogru tespit ettiklerini ve sebebini agiklayabildiklerini

belirtmistir.

Genel olarak alan yazina bakildiginda, 6gretmen ve 6gretmen adaylarmin konu alan bilgisinde
tiggenlere iliskin tanim yapma ve kavram imaji, yiikseklik, alan, Pisagor teoremi, benzer ii¢genler ve
tiggenlere ait bagintilara iligskin ispat yapma konular1 incelenmistir. Calismalarda ozellikle 6gretmen
adaylarinin bilgilerin yeterli olmadig1 ve hatta bazi konularda (6rnegin, diklik merkezi) kavram
yanilgis1 yasadig1 belirlenmistir. Uggenlere iliskin pedagojik alan bilgisinde ise iiggen kavraminin ve
Pisagor teoreminin Ogretimi, 0gretmen adaylarinin tiggende alan ve tiggenlere iliskin O0grencilerin
kavram yanilgis1 ve zorluk bilgisi incelenmistir. Bu ¢alismalar da 6gretmen adaylarmin 6grencilerin
muhtemel kavram yamilgilar ile ilgili bilgiye genellikle sahip oldugunu bulmustur. Ayrica {icgenlere
iliskin kavramsal bir Ogretimin gerceklesmesi igin Ogrenci merkezli yontem ve tekniklerin

kullanilmasini 6nermislerdir.
Arastirmanin Onemi ve Amaci

Genel olarak ¢aligmalara bakildiginda, ti¢genlere iliskin kavramlardan bir ya da birkagina
odaklarldig: (tanim, alan, Pisagor teoremi gibi) goriilmektedir. Bu calismada ise ortaokul matematik
miifredatinin geneli dikkate alinarak tiggenlere iliskin bagintilarin tamami ele alimistir. Ortaokul
matematik Ogretmeni adaylari, bu bagintilarin tiimiinde yeterli bilgiye sahip olmalidir. Ayrica
ogretmen adaylarmin hem konu alan bilgisini hem de pedagojik alan bilgisini ayn1 anda ele alarak
inceleyen ti¢genlerle ilgili bagmntilara iliskin ¢alismalarin az oldugu soylenebilir. Bu noktada mevcut

calisma iki bilgi tiirtine de ayn1 anda odaklanmistir. Bu ¢alisma ile hem ti¢genlere iliskin bagintilarin
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timii hem de 6gretmen adaylarinin alan ve pedagojik alan bilgisi birlikte incelenmistir. Boylece
ticgenlere iliskin Ogretmen adaylarnin bilgilerine dair daha kapsamli sonuglara ulasilmasi

hedeflenmistir.

Bu calismanin amaci, O0gretmen adaylarmin iiggenlerle ilgili bagmtilara iliskin var olan
bilgilerini ortaya ¢ikarmaktir. Mevcut ¢alisma, ortaokul matematik 6gretmeni adaylarmin {icgenlerle
ilgili bagintilara iliskin var olan konu alan bilgileri ve pedagojik alan bilgileri ile bu bilgilerine iliskin
eksiklikleri belirlemeyi ve bu eksiklikleri gidermeye yonelik 6nerilerde bulunmay1 amaglamaktadir. Bu
amaglar dogrultusunda, bu ¢alisma ile “ortaokul matematik 6gretmen adaylarinin tiggenlerle ilgili
bagintilara iliskin bilgileri nedir?” sorusuna cevap aranmistir. Bu arastirma problemi alt alanlara gore

su sekilde diizenlenmistir:

1. Ortaokul matematik 6gretmen adaylarinin {i¢cgenlerle ilgili bagintilara iliskin genel alan

bilgisi 6zelinde konu alan bilgileri nedir?

2. Ortaokul matematik 6gretmen adaylarinin ii¢genlerle ilgili bagintilara iliskin alan ve 6grenci

bilgisi ile alan ve 6gretme bilgisini kapsayan pedagojik alan bilgileri nedir?
Yontem

Bu calisma, nitel arastirma yontemi ile tasarlanmis ve bu kapsamda veri toplama ve analizi
gerceklestirilmistir. Nitel arastirmalar, bir konunun detayli bir sekilde, katilimcilarin o konuya iliskin
yorumlari ile birlikte aragtirilmasim saglamaktadir. Ozel olarak da nitel arastirma yontemlerinden
durum ¢alismasi kullanmilmigtir. Nitel calismalarda, bir durumu meydana getiren ayrintilar: belirlemek,
bir duruma iligskin olas1 agiklamalar: gelistirmek ve bir durumu derinlemesine incelemek, ¢alismanin
odagmin ne, nasil ve nigin sorularini cevaplamak amaciyla durum calismasi tercih edilir (Yildirim ve
Simsek, 2016; Gall, Gall ve Borg, 2007; Yin, 2003). Mevcut ¢calismada, 6gretmen adaylarinin {icgenlerle
ilgili bagmtilan 6gretmek igin yeterli konu alan ve pedagojik alan bilgisine sahip olup olmadig:
arastirilmistir. Bunun icin 6gretmen adaylarmin ¢oziimleri ve acitklamalar: incelenmistir. Bu sebeple

durum calismasi deseni kullanilmigtir.
Calisma Grubu

Arastirma, bir egitim fakiiltesinde ilkogretim matematik dgretmenligi boliimiinde 6grenim
goren 45 ti¢lincii smif 6grencisi ile gergeklestirilmistir. Ozellikle {igiincii siuf ogrencilerinin se¢ilmesinin
nedeni altinci yariyll sonunda hem Soyut Matematik, Geometri, Analitik Geometri, Analiz gibi alan
derslerini almis, hem de Ozel Ogretim Yontemleri I dersini almis olmalaridir. Boylece hem matematik
alan bilgilerini hem de bu bilgilerin O6gretiminin nasil yapilacagina dair bilgileri neredeyse

tamamlanmistir. Bundan sonraki kisimlarda 6gretmen adaylari “OA” seklinde ifade edilmistir.
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Veri Toplama

Aragtirmanin verileri, OA’larin {iggenlerle ilgili acik uglu sorulara verdikleri cevaplardan elde
edilmistir. Bu sorular belirlenirken ortaokul miifredatinda tiggenlere iliskin besinci, altinc1 ve sekizinci
sinif seviyelerindeki kazanimlar dikkate alinmistir (MEB, 2018). Bu kazanimlar igerisinden bes kazanim
belirlenmistir. ilgili kazanimlar, 6gretmen adaylarmnin yapilandirmact etkinlikler Onerebilecekleri

kazanimlar oldugu i¢in tercih edilmistir. Kazanimlarin icerdigi bagintilar asagidaki gibidir:
1. Bagmti: “Uggenin i¢ acilarinin toplami1 180 derecedir.” (5.sinif)

2. Bagmti: “Bir tiggenin es olmayan iki agis1 varsa 6l¢tisii biiyiik olan aginin karsisindaki kenar

diger acinin karsisindaki kenardan daha uzundur.” (8.sinf)

3. Bagint: “Ucgen Esitsizligi: Bir tiggende bir kenarin uzunlugu diger iki kenarm uzunlugunun

toplamindan kiigiik farkinin mutlak degerinden biiytiktiir.” (8.sinif)

4. Bagimnti: “Pisagor bagintisi: Bir dik tiggende dik kenarlarin karelerinin toplami hipotentisiin

uzunlugunun karesine esittir.” (8.simif)

5. Bagmti: “Alan bagmntist: Bir tiggenin alani bir kenarin uzunlugu ile bu kenara ait yiiksekligin

uzunlugunun ¢arpiminin yarisina esittir.” (6.smnif)

OA’lara bu bagintilarin her biri icin dért acik uglu soru yoneltilmistir. Acik uglu sorularda,
OA’lardan her bir bagintinin matematiksel gosterimlerini ifade etmeleri, matematiksel ispatlarmi
yapmalari, bu bagintilarin 6gretimini nasil gerceklestireceklerini agiklamalar1 ve Ogretim sirasinda
ogrencilerin yasayabilecegi zorluklar: aciklamalar: istenmistir. Bu sorular, Ball ve digerlerinin (2008)
onerdigi “Ogretmek icin Matematik Bilgisi (OMB)” modeli temel alinarak olusturulmustur. Matematik
egitimindeki bir arastirmacidan sorularin igerigi ve anlasilabilirligi ile ilgili goriis alinarak sorulara son
sekli verilmistir. Veriler arastirmacilar tarafindan Ozel Ogretim Yontemleri II dersinde toplanmistir.
Ogretmen adaylarina sorulari cevaplamalari igin yaklasik 60 dakika siire verilmistir. OA’lara yoneltilen

sorular ve OMB modeli bilesenleri ile iligkisi Tablo 1’de verilmistir.

Tablo 1. OA’lara yoneltilen sorular ve OMB modeli bilesenleri ile iliskisi

Arastirmanin Amact OA’lara Yoneltilen Sorular

Konu Alan Genel Alan Bilgisi Verilen bagintiy1 matematiksel sembollerle

Bilgisi gosteriniz.
Verilen bagintiyi ispatlayiiz.

Pedagojik Alan  Alan ve Ogretme Bilgisi Verilen baginti icin nasil bir etkinlik

Bilgisi gelistirirsiniz?

Alan ve Ogrenci Bilgisi Verilen bagmtinin 6gretimi sirasinda

ogrencilerin yasayabilecegi zorluklar neler
olabilir?

Veri Analizi

Arastirma verilerinin analizinde igerik analizinden (Yildirim ve Simsek, 2013) yararlanilmistir.

OA’larm agik uglu sorulara verdikleri cevaplardan elde edilen veriler aragtirmacilar tarafindan ayri ayri
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kodlanmigtir. Ortaya ¢ikan kodlar arasinda %89 uyum hesaplanmistir. Farkli ¢ikan kodlar

arastirmacilar tarafindan tekrar ele alinarak fikir birligine varilmistir. Analiz sonucunda ortaya ¢ikan

kodlar Tablo 2’de verilmistir.

Arastirmanin Gegerlik ve Giivenirligi

Arastirmanin i¢ gegerliligini artirmak amaciyla acik uglu sorular hazirlanirken literatiir dikkate

alinmistir. Aragtirmanin odaginda bulunan OMB modeline gore sorular belirlenmistir. OA’larin

sorular1 cevaplamalari esnasinda rahat olmalari adina ders ge¢me notunu etkilemeyecegi belirtilmistir.

Dis gegerliligi artirmak icin arastirma siireci ayrintili bir sekilde rapor edilmistir. Arastirmanin

glivenirligi icin verilerin analizinden elde edilen kodlarm uyum yiizdesi hesaplanmistir. Ayrica

bulgular yorum katilmadan dogrudan verilmistir.

Tablo 2. Icerik analizi sonucunda ortaya ¢ikan kodlar

Aciklama

Kodlar
— Dogru Gosterim
v
;:‘4: Kismen Dogru
g g Gosterim
‘7 ‘® % % Yanlis Gosterim
b -%D b 'Lop Gosterim yok
R @
.
i < K] Gegerli Ispat
g g o
(=] (3] o
M © g Kismen Gegerli
] .
= Ispat
g s
00 Gegersiz Ispat
= .
Ispat yok
g Gecerli Etkinlik
B =X
g £
OEJ 'd':.j Kismen Gegerli
- B ~ Etkinlik
2 5 F
= O £
3 v g
= > g . -
< g @ & Gegersiz Etkinlik
= = EZ
S 2 §:
) & & Etkinlik Yok
3
~ g Her bir bagint1
§ igin ortak olan
Q zorluklar
(R Belirtilen
g Eo .g bagintiya 6zgii
28 N zorluklar

Matematiksel dilin dogru kullanildig1 matematiksel gosterimler ve
notasyonlara dikkat ederek dogru yapilan ¢izimler

Matematiksel dille ilgili eksikliklerin bulundugu goésterimler veya
notasyonlara dikkat etmeden yapilan dogru ¢gizimler

Verilen ifadeye karsilik gelmeyen gosterimler ve yanlis gizimler
Higbir gosterimin olmadig1 ve ¢izim yapilmadigi durum

Matematiksel bilgiler, kurallar, nermeler veya gorsellere dayals,
hatta kesme, yapistirma, katlama gibi deneysel yollarin kullanildig:
mantikli ve tutarli agctklamalarla istenene ulasan ispatlar
Matematiksel bilgilerin bir kisminin kullanildigs, eksik bilgilerin
bulundugu agiklamalari igeren ispatlar ve sonuca ulasamayan ispatlar
Yanlis matematiksel bilgilerin kullanildig1, bagmnti ile ilgisiz olan
acgiklamalarin oldugu, belirli 6rneklerin kullanildig: ispatlar
Bagintinin ispatinin olmadigi durum

Yapilandirmaci yaklasimla kesfetmeye yonelik ve akil yiiriitme
saglayacak olan etkinlikler

Yanlis bir bilgi icermeyen, eksiklikleri olan ancak gelistirilerek gecerli
hale getirilebilecek olan etkinlikler

Yanlis bilgiler iceren, bagintiy1 kesfetmeye yonelik olmayan,
bagmtinin uygulamasi bigiminde olan veya ¢ok genel ifadeler
bi¢cimindeki a¢iklamalar

Bagintinin 6gretimine yonelik etkinlik gelistirilmedigi durum

Baginti icin 6grencilerin yagsayabilecegi genel ifadelerle belirtilen
zorluklar

Ogrencilerin yasayabilecegi bagintiya 6zgii zorluklar
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Arastirmanin Etik izinleri
Yapilan bu ¢alismada “Yiiksekogretim Kurumlari Bilimsel Arastirma ve Yayin Etigi Yonergesi”
kapsaminda uyulmasi belirtilen tiim kurallara uyulmustur. Yonergenin ikinci boliimii olan “Bilimsel
Arastirma ve Yaymn Etigine Aykir1 Eylemler” bashg: altinda belirtilen eylemlerden higbiri

gerceklestirilmemistir.

Etik kurul izin bilgileri: Etik degerlendirmeyi yapan kurul ad1 = Trakya Universitesi Sosyal ve Begeri

Bilimler Arastirmalar Etik Kurulu

Etik degerlendirme kararinin tarihi= 26.04.2023

Etik degerlendirme belgesi say1 numarasi= 2023.04.17
Bulgular

OA’larm iiggenlere iliskin KAB ve PAB’larini belirlemeyi amaglayan bu aragtirmanin bulgulari
iki baglik altinda sunulmustur. Yapilan analizler sonucunda OA’larin, genel alan bilgileri, alan ve
dgretme, alan ve dgrenci bilgilerine iliskin frekans tablolar1 ve OA’larin cevaplarindan &rnekler

verilmistir. Bulgular OMB teorik cercevesinde agiklanmistir.
Ogretmen Adaylarinin Ucgenlerdeki Bagintilara iliskin Konu Alan Bilgileri (KAB)

Aragtirmanin birinci sorusuna yonelik bulgular bu baglik altinda sunulmustur. OA’larin
tiggenlere yonelik konu alan bilgileri, genel alan bilgileri kapsaminda degerlendirilmistir. Bunun igin

OA’larin iiggenlere yonelik bagmtilara dair matematiksel gosterimleri ve ispatlari incelenmistir.
Genel alan bilgisine iliskin bulgular:

Bagintilarin Matematiksel Gosterimlerine Iliskin Bulgular: Arastirmada OA’larin, iiggenlerle ilgili
verilen bagintilara iliskin genel alan bilgisini degerlendirmek i¢in bagintilar1 matematiksel olarak ifade
etmeleri istenmistir. OA’larin matematiksel gosterimlerinin kategorilerine iliskin frekans ve yiizdeleri

Tablo 3’te verilmistir.

Tablo 3. OA’larin bagintilarin matematiksel gosterimlerine iliskin frekans ve yiizde degerleri

Dogru Kismen dogru Yanls Gosterim  Gosterim Yok

gosterim gosterim

N % N % N % N %
1.Bagint1 14 31 19 42 2 4 10 22
2.Baginti 12 27 18 40 3 6 12 27
3.Bagint1 36 80 4 9 1 2 4 9
4.Bagmti 27 60 14 31 0 0 4 9
5.Baginti 7 16 38 84 0 0 0 0
Toplam 96 43 93 41 6 3 30 13

Tablo 3'te goriildiigii gibi OA’larin verilen bagintilara gore matematiksel gosterim durumlari
degisiklik gostermektedir. Ornegin, {iggende biiyiik agmin karsisinda uzun kenarm bulundugunu

belirten ikinci bagmtida, 12 OA dogru gosterim yaparken, pisagor bagmtisini belirten dérdiincii
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bagintida 27 OA dogru gosterim yapmustir. Yine tablodan bagmtilara iliskin toplam dogru

gosterimlerin, tiim gosterimlerin yarisindan az (%43) oldugu anlasilmaktadir. Yanlhs gosterimler tiim
gosterimler i¢cinde en az paya (%3) sahip iken, bos birakilanlar (%13) nispeten ¢oktur. Tablodan en ¢ok

birinci ve ikinci bagntilarin gosterimlerinin bos birakildig1 anlasiimaktadir.

Tablo 3 incelendiginde, birinci baginti igin OA’larin en cok kismen dogru gosterim yaptiklari
(%42) goriilmektedir. Uggenin i¢ agilarinin toplamini OA’lar ortaokuldan beri bilmelerine ragmen
neredeyse igte birinin (%31) dogru gdsterim yapmasi kayda degerdir. Aslinda OA’larm, {iggenlerin i¢
agilarinin toplamu bilgisine sahip olmasimna ragmen, acilarin gosteriminde notasyona dikkat edilmedigi
veya sOzel olarak ifadesine aligilan bu ifadenin matematiksel gosterimine ©nem verilmedigi
goriilmiistiir. Yine Tablo 3'te ikinci bagint1 i¢in de yine birinci bagintida oldugu gibi, OA’larmn en ¢ok
kismen dogru gdsterim yaptiklar (%40) goriilmektedir. Ugiincii bagimtida ise diger ifadelere gore kayda
deger bir sekilde daha cok OA'nin (%80) dogru gosterim yapmasi dikkat gekici bir bulgudur. Tablodan
dérdiinci bagmtinin da OA’larin biiyiik bir ¢ogunlugu (%60) tarafindan dogru gosterildigi
anlagilmaktadir. Hatta dérdiincii bagmti igin OA’larin tamamina yakininin (%91) dogru veya kismen
dogru gosterim yaptiklar1 anlagilmaktadir. Bunun yaninda besinci bagintimin OA’larin en az dogru
gosterim yaptiklari (%16), diger yandan en ¢ok kismen dogru gosterim yaptiklari (%84) bagint1 oldugu
goriilmektedir. Yani OA’larin tamamy, besinci bagintida dogru veya kismen dogru gdsterim yapmuistir.

OA’larm her bir bagint1 i¢cin matematiksel gosterimlerinden bazi 6rnekler Tablo 4’te verilmistir.
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Tablo 4. Bagintilara iliskin OA’larin matematiksel gosterim drnekleri

Dogru Gosterim Kismen Dogru Gosterim Yanlis GOsterim
Ornegi (a) Ornegi (b) Ornegi ()
1.Bagnt
agln ! A A o Llauv 1, UyECLLL 1y dplidll w’p{ulm 1 A
M (A +m(B)rmlE) =140 feBecs 180740 /: A 1g0°
2
BA6 Q ¢ OA44
OA12 (1-0)
1-a
(I-a) (1-b)
2.Bagint1 o .
g B gy otbec
é [stAyzstiya s(A)> sch) = 1Bel > Al /(/\8)>(C) a Y Aesc
8 . pas, el N\ b (By A
0 (C)
i factSleel
[ a c OA23
0A43 OA5 (2-0)
(2-a) (2-b)
3.Bagint1 i
o i la-b | & € La+o ¢
C’i 2 la-cl Lo & atC ﬂ""""fc o o
Fe G lbocl 2 o ¢ brC 1i fL 2 Ce <ash /k 2l a € ke
B - p 6 a < )
OA15
OA14 OA19 (3-0)
(3-a) (3-b)
4.Bagmt B e
l: « (R L] AR .c, [Bejza, IACI= b
9 VBectat
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0OA37
(4-a)
5.Bagint1 R
¢ A 1 ”
3 Cheldasl L ete a (rke)
P N T
0A29 0A27
(5-a) (5-b)

Tablo 4'teki 6rnekler incelendiginde her bir baginti icin dogru gosterim yapan OA’larn
cizimlerinde notasyona dikkat ettikleri ac¢t ve kenarlar1 sekil {izerinde gosterdikleri ve bagintiy1
matematiksel olarak dogru yazdiklari goriilmektedir. Ornegin, 2-a’da OA43'iin iiggenin es olmayan iki
agis1 varsa ve Olgiisii biiyiik olan ag¢inin karsisinda biiyiik kenar olacagr bagmntisini eksiksiz
matematiksel olarak gosterdigi ve bunu yaparken aci, kenar ile ilgili notasyonlara dikkat ettigi, “ve”,
“ise” sembollerini kullandig1 anlasilmaktadir. Ayrica OA’larin bazilarin bagintidaki her bir kosulu
dikkate aldig1 goriilmiistiir. Ornegin, 3-a’da goriildiigii gibi OA14 iigiincii bagint1 icin her ii¢ durumu
da belirtmistir. Uglincii bagint: igin dogru gosterim yapan OA’larn 11'i, 3-a’daki gibi ii¢ kenar icin de
matematiksel olarak gosterirken, digerleri sadece bir kenar igin gostermistir. Beginci bagint1 igin ise
sadece OA29, 5-a’da goriildiigii iizere her bir kenar ve o kenara ait yiikseklik icin {iggenin alanini
matematiksel olarak gostermistir. Kismen dogru gosterim yapan OA’larin cizimlerinde genellikle
notasyona dikkat etmedikleri ve bagintiyr matematiksel olarak yazarken tiim kosullar1 dikkate
almadiklari, agi, derece, kenar, alan, mutlak deger gibi sembollere dikkat etmeyerek matematigin

kendine ait dilini kullanmadiklar1 goriilmektedir. C)rnegin, 1-b’de, OA12'nin, acilarin ontine ol¢iistinii
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ifade etmek i¢in m harfi koymadigi, agilarin iizerine ag1 isareti koymadig1 ve 180'nin {izerine derece
isareti koymadig1 goriilmektedir. Yanlis gosterim yapan OAlar ise notasyona dikkat etmedikleri gibi
yanlis notasyonlar kullanmis ve bagintilar: da matematiksel olarak yanlis ifade etmislerdir. Ornegin, 3-
c’de, OA15'in, bir kenarin diger iki kenarin toplaminin mutlak degerinden biiyiik, farkinin mutlak
degerinden kiiciik oldugunu ifade ettigi goriilmektedir. Bu ifade matematiksel olarak yanlistir. Burada

OA’nin mutlak deger kavraminda da sikint1 yasadig1 soylenebilir.

Bagintilarin Ispatina Iliskin Bulgular: Arastirmada, OA’larin iiggenlerle ilgili verilen bagintilara iliskin
genel alan bilgisini degerlendirmek icin verilen bagmtilar1 ispatlamalari istenmistir. OA’larin

bagintilarin ispatina iliskin frekans ve yiizde degerleri Tablo 5'te verilmistir.

Tablo 5. OA’larm bagintilarin ispatina iliskin frekans ve yiizde degerleri

Gegerli Ispat Kismen Gegerli Ispat Gecersiz Ispat Ispat Yok

N % N % N % N %
1.Bagint1 17 38 12 26 3 7 13 29
2.Bagint1 0 0 3 7 8 17 34 76
3.Bagint1 0 0 3 7 7 16 35 77
4.Bagint 5 11 13 29 4 9 23 51
5.Bagint1 7 16 16 36 2 4 20 44
Toplam 29 13 47 21 24 11 125 55

Tablo 5 incelendiginde OA’larin bagmtilarin ispatinda oldukca basarisiz olduklar
anlagilmaktadir. Bagintilarin yarisindan fazlasinda (%55) OA’lar ispat girisiminde dahi bulunmamustir.
Yine tablodan azimsanmayacak sayida bagmtinin ispatinda (%21) OA’larm, istenen sonuca tam olarak
ulagamadiklari, eksik agiklamalar yaptiklari anlagilmaktadir. Bunun yani sira, OA’larin yanlis bilgiler
iceren ispat girisimleri (%11) de olmustur. Ayrica tabloda, 6zellikle ikinci ve iiciincii bagintida, OA’larmn
hicbirinin gecerli ispat yapamadigl, dortte {iciiniin (%76-77) ispat yapmayarak bos biraktigi

goriilmektedir.

Tablo 5'te OA’larin en cok ii¢genin i¢ acilar1 toplaminin 180° olduguna iliskin birinci bagintida
gecerli ispat (17) yaptiklari griilmektedir. Gegerli ispat yapan OA’lardan altis1 paralel dogrular ve bu
dogrular arasinda kalan agilarin 6zelliklerini kullanmistir. Gegerli ispat yapan OA’larin yedisi “liggenin
bir dis agisinin kendisine komsu olmayan iki i¢ agisinin toplamina esit oldugu” bilgisini kullanirken,
dordii ise tiggenin i¢ agilarinin birlestiginde dogru a1 olustugunu gorsel olarak gostermigtir. Yine
tablodan birinci bagintida OA’larin yarisindan fazlasimin (%64) ya gegerli ispat ya da kismen gegerli
ispat yaptigi goriilmektedir. Kismen gegerli ispat yapan OA’larin dokuzu iicgenin i¢ agilarimi
birlestirerek gorsel olarak gostermis, ancak dogru a¢i kavramini belirtmemistir. Bu bagintida ispat

yapmayarak bos birakan OA sayisi (13) diger bagintilardan ¢ok daha azdir.

Yine Tablo 5’e bakildiginda, ti¢genin biiyiik acisinin karsinda biiyiik kenar bulunduguna iliskin
ikinci bagintida, OA’larin biliyiik bir kismimin (34) ispat girisiminde bulunmadan bos biraktig:
goriilmektedir. Tkinci bagmtida OA’lardan higbiri gegerli ispat yapamamig ve oldukca az OA (3),

kismen gecerli ispat yapmistir. Kismen gegerli ispat yapan OA’larin ikisi deneysel yollarla bagintimin
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dogrulugunu agiklamas, biri ise bilinen tanidik bir tiggen olan 30, 60, 90 tiggeninin kenar uzunluklarim
agilarla iliskilendirmistir. Yine tablodan OA’larin (8) verilen bagintilar arasinda en ¢ok bu bagmntida
gecersiz ispat yaptiklari goriilmektedir. Ispatlari gegersiz olan OA’lardan altisi tamamen sezgisel olarak
agl-kenar iliskisini agiklamustir. Ikisi ise gecerli ispat yapmaya calismis, ancak yanlis agiklamalar

yapmuigtir.

Tekrar Tablo 5 incelendiginde, ikinci bagintida oldugu gibi tiggen esitsizligine iliskin {iglincii
bagintida da OA’larin biiyiik bir kisminin (35), ispat girisiminde bulunmadan bos biraktig
goriilmektedir. Ayrica OA’larin higbiri, iigiincii bagintida gegerli ispat yapmamis ve oldukca az OA (3)
kismen gecerli ispat yapmuistir. Kismen gecerli ispat yapan OA’larn ikisi deneysel yollarla bagintinin
dogrulugunu acgiklamis, biri ise bilinen tamidik bir {iggen olan 3-4-5 {iggeninin kenar uzunluklari
arasindaki iliskiyi gostermistir. Yine tabloda ispatlari gegersiz olan OA’larin (7) da bulundugu
goriilmektedir. Ispatlar1 gegersiz olan OA’lardan dérdii iiggen olusup olusmadig belli olmayan

herhangi say1 degerleri icin bagintiy1 dogrulamas, iicii ise yanlis cebirsel aciklamalar yapmustir.

Pisagor bagintisina iliskin dérdiincii bagintida ise OA’larin yariya yakini (23) ispat girisiminde
bulunmadan bog birakmugtir. Tabloda dérdiincii bagintida oldukca az OA'nin (5) gegerli ispat yaptig1,
OA’larm bir kisminin da (13) kismen gegerli ispat yaptig1 goriilmektedir. Gegerli ispat yapan OA’larin
dordii hem gorsel hem cebirsel aciklamalarla Pisagor bagintisinu ispatlarken, biri Cosiniis teoremini
kullanmigtir. Kismen gegerli ispat yapan OA'lar ise, yine gorsel aciklama kullansalar da agiklamalari
yetersizdir. Yine tabloda, ispatlar1 gegersiz olan OA’larin (4) da bulundugu goriilmektedir. Ispatlart
gecersiz olan OA’larin ikisi, bilinen bir dik iiggenin (3-4-5 iiggeni), kenar uzunluklarini yerine koyarak,
bagintiy1 sagladigini gostermistir. ispatlarl gecersiz olan OA’lardan biri gorsel olarak hatali, biri ise

cebirsel olarak hatali ispat yapmustir.

Tablo 5te, ticgenin alan bagintisina iliskin besinci bagintida da dordiincii bagintida oldugu gibi
OA’larin yariya yakininin (20) ispat girisiminde bulunmadan bos biraktig1 goriilmektedir. Besinci
bagintida oldukga az OA (7) gegerli ispat yaparken, OA’larin yaklagik iicte biri de (16) kismen gegerli
ispat yapmistir. Gegerli ispat yapan OA’larin dérdii gorsel olarak paralelkenardan, iigii ise gorsel olarak
dikdértgenden iiggenin alan bagmtisini elde etmistir. Kismen gegerli ispat yapan OA’larn 12’si
dikdortgenden yararlanarak, dik tiggen igin alan bagmtisini elde etmis, herhangi bir {iggen igin
bagmtimin dogrulugunu gdstermemistir. Kismen gegerli ispat yapan OA’larin dérdii ise kareden
yararlanarak, ikizkenar dik {i¢gen icin alan bagintisini elde etmistir. Ayrica besinci baginti icin ispatlar
gecersiz olan OA’lar (2) da bulunmaktadir. Ispatlar1 gecersiz olan OA’lar dik iicgenin alan bagmtisini

ispatlarinda kullanmustir. OA’larin her bir baginti igin ispatlarindan bazi 6rnekler Tablo 6’da verilmistir.



Tablo 6. Bagintilara iliskin OA’larin ispat érnekleri
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Birinci bagmnt1 igin OA11’e ait gecerli ispat 6rnegi Tablo 6’da 1-a’da, bulunmaktadir. OA11
herhangi bir {i¢genin acilarim1 keserek ve birlestirerek dogru agi elde edildigini sekil cizerek
gostermistir. OA11, deneysel bir yolla yani materyaller kullanarak iicgenin i¢ agilari toplamimin 180°
oldugunu gostermistir. 1-c’de ise, birinci bagmti icin OA23’e ait gecersiz ispat 6rnegi bulunmaktadir
Burada OA23’iin mantikli bir yol izlemeden, dikdortgen iginde olusturdugu iiggenlerin acilarinin

toplamini kullanmaya calistig1 ama herhangi bir sonuca ulasamadig1 goriilmektedir.

Tabloda 2-b’de, OA6 kosullara uyan bir iicgen icin kenar uzunluklarini lgerek iliskiyi
gorebilecegini ifade etmistir. OA6 deneysel yontemlerle bagintinin kesfedilmesine yonelik genel bir
sdylem yapmis tam olarak agiklamamustir. 2-c’de, OA3 ise es ac1 olusturarak ikizkenar iiggenden kenar
uzunluklar1 arasindaki iliskiye ulasmay1 denemis; ancak, es aciy1 yanlis sekilde olusturmustur. Bu

ylizden de sonuca ulasamamis yalnizca sonucu yazmuistir.

Tekrar Tablo 6 incelendiginde 3-b’de, OA3'iin cesitli kenar uzunluklari icin iki kenarin toplami
ve farkini tabloya aktardig1 ve {iggen olusup olusmadigini yorumladig goriilmektedir. OA3, tam bir
actklama yapmasa da kenarlar arasinda iliski kurmaya calismistir. 3-c’'de ise, OA27 iiggen
olusturdugunu bilmedigi 4, 5 ve 7 uzunluklarmi ele alarak, iiggen esitsizligi bagintisinda yerine

koymustur. Burada aslinda bu uzunluklarin esitsizligi sagladigini gostermistir.

Yine Tabloda 4-a’da, OA8'in, karenin icerisine kare yerlestirerek, alan bagintilarini kullanarak
Pisagor bagintisini ispatladigi goriilmektedir. 4-b’de ise, dordiincii bagimti icin OA1’e ait kismen gegerli
ispat ornegi bulunmaktadir. OAT1 kenar uzunluklar ile karelerin alanlarmin iliskili oldugunu ifade etse
de bu iliskiyi aciklamamuistir. 4-c’de Pisagor bagintis icin gegersiz ispat yapan OA32, bir érnek icin

sayisal deger vererek bagintiy1 sagladigini gostermistir.

Son bagmt1 olan besinci bagmti igin 5-a’da, OA38'e ait gegerli ispat drnegi bulunmaktadir.
OA38, uzun kenarini a+b, kisa kenarm h olarak tammladig bir dikddrtgenin igerisine iiggeni
yerlestirerek, dikdortgenin alan bagmntisindan yararlanarak ispat yapmistir. 5-b’de ise OA7'nin
dikdortgenin alanindan yararlanarak dik iiggenin alan bagintisina ulastig1 ancak herhangi bir tiggenin
alania yénelik alan bagintisi elde etmedigi goriilmektedir. 5-c’de, gegersiz ispat 6rneginde OA18'in

iiggenin alan bagintisini elde etmek i¢in dik tiggenin alan bagmntisini kullandig1 goriilmektedir.
Ogretmen Adaylarinin Uggenlere iliskin Pedagojik Alan Bilgileri (PAB)

Arastirmanin ikinci sorusuna yonelik bulgular bu bashk altinda sunulmustur. OA’larin
iiggenlere yonelik pedagojik alan bilgileri, alan ve Ogretme bilgileri ve alan ve Ogrenci bilgileri
kapsaminda degerlendirilmistir. Bunun i¢in OA’larin iicgenlere yonelik bagintilara dair gelistirdikleri

etkinlikler ve 6gretim sirasinda 6grencilerin yagsayacaklar1 zorluklara iligkin bilgileri incelenmistir.
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Alan ve 6gretme bilgisine iliskin bulgular:

Etkinliklere Iligkin Bulgular: Aragtirmada, OA’larin iiggenlerle ilgili verilen bagmtilara iligkin alan ve
Ogretme bilgisini degerlendirmek i¢in, bagintilara yonelik etkinlik gelistirmeleri istenmistir. OA’larin

gelistirdikleri etkinliklerin kategorilerine iliskin frekans ve yiizde degerleri Tablo 7’de verilmistir.

Tablo 7. OA’larm gelistirdikleri etkinliklere iliskin frekans ve yiizde degerleri

Gecerli Etkinlik Kismen Gegerli Etkinlik Gecersiz Etkinlik Bos

N % N % N % N %
1.Bagint1 25 56 12 26 8 18 0 0
2.Bagint1 6 13 28 62 9 20 2 4
3.Bagint1 19 42 18 40 6 13 2 4
4.Bagmti 1 2 34 76 6 13 4 9
5.Bagint1 1 2 36 80 8 18 0 0
Toplam 52 23 128 57 37 16 8 4

Tablo 7 incelendiginde OA’larin bagintilar igin Onerdikleri etkinliklerde, bagintilarin
ispatindaki durumun tersine oldukgca basarili olduklari anlagilmaktadir. Tabloda OA’larin bagintilar
icin onerdikleri etkinliklerin yaklasik dortte iicliniin (%80) gecerli etkinlik veya kismen gecerli etkinlik
oldugu goriilmektedir. Yine tabloya gore 6gretime yonelik olan bu sorunun bos birakilma orani oldukca

distiktiir (%4).
Tablo 7’ye bakildiginda, OA’larin en cok gegerli etkinlik olusturduklari (25), ayn1 zamanda en

az kismen gecerli etkinlik olusturduklar: (12) bagintinin, iiggenin i¢ acilar1 toplaminin 180° olduguna
iliskin birinci bagt1 oldugu goriilmektedir. Gegerli etkinlik olusturan OA’lar, genellikle 6grencilerin
tiggenin i¢ acilarimi kesip ya da katlayarak bir araya getirerek dogru agi olustugunu kesfetmelerine
yonelik etkinlik nermistir. Gegerli etkinlik olusturan OA’larin ikisi ise gesitli {iggenlerin i¢ agilarimi
Olctiirerek tablo {izerinden genellemeye ulastiracak etkinlik Onermistir. Kismen gegerli etkinlik
olugturan OA’lar da yine gegerli etkinlikte oldugu gibi 6grencilerin iiggenin i agilarmin toplaminin
dogru ac1 olusturdugunu kesfetmeye yonelik etkinlik onerseler de ya dogru agtya vurgu yapmamis ya
da katlama sirasinda yeterli agiklama yapmamistir. Tabloda etkinlikleri gegersiz olan OA’larn
bulundugu da goriilmektedir. Gegersiz etkinlik olusturan OA’lardan ikisi “iiggenin dis agilar1 toplami
360°’dir” bilgisini kullanmistir. Oysa miifredatta iicgenin dis agilar1 toplami {i¢genin i¢ acilarinin
toplamindan sonra verilmektedir. Gegersiz etkinlik olusturan OA’lardan biri dikdortgenin i¢ acilari
toplamindan yararlanmistir. Gegersiz etkinlik olusturan OA’lardan ikisi ise bagintiyla ilgisiz
agiklamalar yapmistir. Yine gegersiz etkinlik olusturan OA’lardan ikisi bagmntiy1 sozel olarak ifade
ederken biri de “Ilk énce dogruda ag1 kavramlari benimsetilir. Daha sonra kapali sekillerle de calismalar
yapmaya baslanilir.” biciminde genel ifade kullanmistir. Ayrica tablodan birinci bagmtinin, tiim OA’lar
tarafindan yamitlandigi goriilmektedir. OA’larin birinci bagintiya iliskin cevaplarindan &rnekler

asagida verilmistir.
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Sekil 2. Birinci bagint: icin gegerli etkinlik 6rnegi (OA4)

Sekil 2’de, birinci baginti igin OA4’e ait gecerli etkinlik 6rnegi bulunmaktadir. Burada OAA4, iki,

ti¢ kisilik gruplarla birlikte ¢calisan 6grencilerin, tiggenlerin agilarini kesip, kenarlar1 ¢akisacak sekilde

birlestirerek, dogru ac1 olustugunu gormesini beklemektedir.
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Sekil 3. Birinci baginti icin gegersiz etkinlik 6rnegi (OA39)
Sekil 3'de, birinci bagint1 icin OA39'a ait gegersiz etkinlik 6rnegi bulunmaktadir. OA burada,
bir dikdortgeni ikiye boldiigiinde iki iiggen elde ettigini ve dikdortgenin kdgsegeninin agilar1 45 °ye
ayirdigim  belirtmistir. OA39'un dikdortgenin ozelliklerine hakim olmadigi ve hatta kavram

yanilgisinin oldugu anlasilmaktadir.

Tablo 7 incelendiginde, ti¢cgenin biiyiik ac¢isinin karsinda biiyiik kenar bulunduguna iliskin
ikinci bagintida OA’larin yarisindan fazlasinin (28) kismen gecerli etkinlik olustururken, oldukca az
kisminin gegerli etkinlik olusturdugu goriilmektedir. Gegerli etkinlik olusturan OA’lar, 6grencilere
cesitli icgenler vererek veya 6grencilerin ¢gesitli malzemelerle ti¢genler olusturmalarini isteyerek, kenar
uzunluklarint ve agilarini dlgmelerini ve olusturduklar: tabloya not etmelerini ve tablodan her bir
tiggenin agilar ile kenarlar1 arasindaki iliskiyi kesfetmelerini saglayacaklarini ifade etmistir. Kismen
gecerli etkinlik olusturan OA’larin 19'u da gecerli etkinlik olusturan OA’lar gibi 6grencilere iiggenlerin
kenar uzunluklari ve ag1 dlgiilerini dlgtiirerek iliski kesfetmelerini saglayacaklarini ifade etseler de tek
bir {i¢gen i¢in Ol¢lim yapmis ve tablo olusturmayi1 planlamamaistir. Dolayisiyla 6grencilerin bu sekilde
iligskiyi fark etmeleri pek miimkiin degildir. Kismen gecerli etkinlik olusturan OA’larin dokuzu ise
biiyiik aginin karsisinda biiyiik kenar bulunduguna yonelik etkinlik gelistirseler de bagintiyr tam
karsilamamustir. Yine tablodan en ¢ok gegersiz etkinlik olusturulan (9) bagintinin ikinci baginti oldugu

goriilmektedir. Etkinlikleri gegersiz olan OA’lardan dérdii genel ifadeler kullanirken, besi ise iiggenin
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ac1 kenar iligkisiyle ilgisi olmayan agiklamalar yapmistir. OA’larin ikinci bagintiya iliskin cevaplarindan

baz1 6rnekler asagida verilmistir.
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Sekil 4. Tkinci baginti icin gegerli etkinlik 6rnegi (OA1)
Sekil 4’de, ikinci bagint igin OA1’e ait gegerli etkinlik 6rnegi bulunmaktadir. OA1, 6grencilere
cesitli tiggenler dagitarak acilarin1 ve kenarlarini Olgtiiriip, tabloya kaydederek acilar ve kenarlar
arasindaki iliskiyi 0grencinin gormesini beklemistir.
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Sekil 5. Tkinci bagint1 i¢in kismen gecerli etkinlik 6rnegi (OA13)
Sekil 5'de, ikinci bagmti igin OA13’e ait kismen gegerli etkinlik 6rnegi bulunmaktadir. OA13,
60, 90 ve 120 derecelik agilarin karsisindaki kenar uzunluklarini karsilagtirmistir. Boylece olgtimler
yaptirarak biiyiik aginin karginda biiyiik kenar oldugunu kesfettirmeyi amaglamistir. Ancak OA13, bu

durumu bir {iggene tastyamamis, bir {iggenin i¢ acilar1 ve karsisindaki kenarlara iliskin bir

karsilastirmaya ulasmamastir.
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Sekil 6. Tkinci bagint1 icin gegersiz etkinlik 6rnegi (OA42)
Sekil 6’da OA42'nin genel ifadeler kullandig1, belirtilen bagintiya 6zel bir etkinlik gelistirmedigi
goriilmektedir.
Tablo 7 incelendiginde, ti¢gen esitsizligine iligkin {i¢iincii bagintida OA’larin yaklasik %40'1nin
(19) gecerli etkinlik olusturdugu goriilmektedir. Boylece tiglincii bagintinin, birinci bagintidan sonra en

¢ok gecerli etkinlik olusturulan baginti oldugu anlasilmaktadir. Gegerli etkinlik olusturan OAlar, cesitli
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uzunluklar i¢in {iggen olusup olusmama durumunu incelemelerine ve ii¢gen olusumu ile kenar
uzunluklar1 arasindaki iliskiyi kesfetmelerine yonelik etkinlik Onermistir. Yine tablodan tiglincii
bagintida hemen hemen gecerli etkinlik olusturan kadar OA'nin, kismen gegerli etkinlik olusturdugu
(18) goriilmektedir. Kismen gegerli etkinlik olusturan OA’lar da gecerli etkinlik olusturan OA’lar gibi
iiggen olusup olusmamasi durumunu incelemelerine yonelik etkinlik Onermis olsalar da {i¢gen
olusumu ile kenar uzunluklar arasindaki iliskiyi kesfetmelerini dogru bicimde planlayamamustir.
Genellemeye ulagilamayacak bigcimde tek bir iiggen 6rnegini ele almis, tablo olusturmamis veya iliskiyi
sorgulatmamiglardir. Yine tablodan, etkinlikleri gecersiz olan OA’larin (6) da oldugu goriilmektedir.
Etkinlikleri gegersiz olan OA’lar, iiggen esitsizligini 6grencilere kendileri ifade ederek, uygulamasina
iliskin etkinlik planlamis veya genel ifadeler kullanmistir. OA’larin {iglincii bagmntiya iliskin
cevaplarindan bazi 6rnekler asagida verilmistir.
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Sekil 7. Uctincii bagint i¢in gecerli etkinlik 6rnegi (OA12)
Sekil 7’de, iiclincii bagint1 igin OA12'ye ait gegerli etkinlik drnegi bulunmaktadir. OA12, {iggen
olustururken rasgele sayilar elde etmek igin zar kullanimini Snermistir. Uggenin olusup olusmadigini
gormeleri icin de pipet ve iplerden faydalanmay diisiinmiistiir. Uggen olusma durumlarini incelenmesi

igin tablo yapmay1 planlamustir.
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Sekil 8. Ugiincii bagiti icin kismen gegerli etkinlik 6rnegi (OA33)
Sekil 8'de, tiglincii bagint1 igin OA33’e ait kismen gegcerli etkinlik 6rnegi bulunmaktadir. OA33
sadece tiggen olusup olusmama durumunu ele almistir. Ayrica sadece bir 6rnek vermis ve tablo

Onermemistir.
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:S“ekl-'l 9. Uggncﬁ bagint: icin geu(;ersiz -etkir;Hk ornegl (OA28)

Sekil 9'da, iigiincii bagint1 icin OA28’e ait gegersiz etkinlik 6rnegi bulunmaktadir. OA28 burada,
iki kenar1 aymi olan {i¢genlerin {i¢lincii kenarmin farkli degerler alabilecegini kesfettirmeyi
amaclamistir. Bunu yaparken de ac1 sabit kaliyor gibi diisiinmdiis ve en uzun kenar vurgusu yapmustir.
Ayrica OA28'in bu etkinliginin 6grenciler tarafindan anlagilmas: giigtiir. Hatta 6grencilerde kavram

yanilgilar1 olusturabilecek bir etkinliktir.

Tablo 7’de, Pisagor bagmtisina iliskin dordiincii bagmtimin, OA’larin en az gegerli etkinlik
olusturduklari (1) bagintilardan biri, ayn1 zamanda en ¢ok kismen gegerli etkinlik olusturduklari (34)
bagmtilardan biri oldugu goriilmektedir. Gegerli etkinlik olusturan OA dik iiggenin kenarlari ile
kenarlar tizerine insa edilen karelerin alanlar1 arasinda iliski kurdurarak bagintinin kesfine yonelik, bir
etkinlik olusturmustur. Kismen gegerli etkinlik olusturan OA’lar da yine gegerli etkinlikte oldugu gibi
dik tiggenin kenarlar iizerine insa edilen kareler icin etkinlik ortaya koysa da {icgenin kenarlar1 ve
karenin alani arasindaki veya karenin alanlar1 arasindaki iliskiyi tam olarak aciklayamamis ve tek
ornekle genelleme yapmistir. Gegersiz etkinlik olusturan OA’lardan besi, dik ii¢genin kenarlarmi
cetvelle dltiiriip, dgrencilerden iliski kurmasini bekleyecegini ifade ederken, OA’lardan biri bagmtiy
dgrencilere direk sdyleyecegini belirtmistir. OA’larin dérdiincii bagintiya iliskin cevaplarindan bazi

ornekler asagida verilmistir.
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Sekil 10. Dérdiincii bagmt iin gegerli etkinlik 6rnegi (OA6)

Sekil 10'da Pisagor bagmtisi icin OA6'ya ait gegerli etkinlik 6rnegi bulunmaktadir. OA6
planladig etkinlikte 6grencilere 6ncelikle 3,4,5 dik tiggeninin kenarlari iizerine kare insa ettirmis ve dik
tiggenin kenar uzunluklari ile karelerin alanlar1 arasinda iliski kurdurmustur. Daha sonra karelerin
alanlar1 arasindaki iligkiyi sorgulatmistir. Boylece 3,4,5 {iggeni icin Pisagor bagintistnin 6grenciler
tarafindan kesfedilmesini saglamistir. Bagka dik {i¢genler icin de gegerli olacagmi gostermek igin

ornekleri gesitlendirerek genellemeye ulagmalarini 6nermistir.
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Sekil 11. Dordiincii bagmti icin kismen gegerli etkinlik 6rnegi (OA18)
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Sekil 11'de, dordiincii bagint igcin OA18’e ait kismen gegerli etkinlik 6rnegi bulunmaktadir. OA-
18 ogrencilere 3,4,5 dik {icgeni ve kenarlar iizerine kareler insa ettirerek Pisagor teoreminin
dogrulamaya calismistir. Ancak, {icgenlerin kenarlari ile karelerin alanlari arasinda iliski kurdurmamais

ve diger dik ii¢genlere genelleme yaptirmak admna 6rnekleri ¢ogaltmamistir.
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Sekil 12. Dordiincii bagint: icin gecersiz etkinlik 6rnegi (OA22)

Sekil 12’de, Pisagor bagmtis1 igin OA22'ye ait gegersiz etkinlik drnegi bulunmaktadir. OA22
burada dik kenarlari 4 cm ve 5 cm olan iiggeni ele almustir. Ugiincii kenar hakkinda herhangi bir bilgi
vermemistir. Bu dik {i¢genin kenarlar1 arasinda bir iliski var m1 diye 6grencilere sormus ve tiglincii
kenarin uzunlugunu cetvelle Slgmelerini sdylemistir. Ogrencilerin bu yonlendirmelerle Pisagor

bagmtisina ulasmalar1 miimkiin degildir.

Besinci baginti olan {iggenin alan bagintisimin da OA’larin en az gegerli etkinlik olusturdugu (1)
bagintilardan biri oldugu ve ayni zamanda en ¢ok kismen gecerli etkinlik olusturduklar1 (36) baginti
oldugu Tablo 7’de goriilmektedir. Gegerli etkinlik olusturan OA, paralelkenarin alanindan iiggenin
alamini kesfetmeye yonelik etkinlik ifade etmistir. Kismen gegerli etkinlik olusturan OA’larin biiyiik bir
kismi (25), dikdortgenin alanindan dik ii¢genin alan bagintisina yonelik etkinlik olusturmustur. Kismen
gecerli etkinlik olusturan OA’lardan besi, iicgenlerin alan ve yiiksekliklerini verip bir iliski kurarak alan
bagmtina ulagmalarina yénelik etkinlik olusturmustur. Ayrica alan bagintisinin, OA’larin en gok
gecersiz etkinlik olusturulan (8) bagintilardan biri oldugu da tablodan anlasilmaktadir. Gegersiz
etkinlik olusturan OA’lardan dérdii “dikddrtgenin alanindan yararlamirim” gibi genel ifadeler
kullanmistir. OA’larin ikisi dik tiggenin alanini bildiklerini varsayarak {icgenin alanini elde etmelerine
yonelik etkinlik gelistirirken, ikisi kareli kagida cizilen {i¢genin icindeki birim kareleri saydirarak alana
ulagmaya yonelik etkinlik olusturmustur. OA’larin besinci bagmtiya iliskin cevaplarindan ornekler

asagida verilmistir.
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Sekil 13. Besinci bagint1 igin gegerli etkinlik 6rnegi (OA21)
Sekil 13'de tiggenin alan bagintis1 igin OA21’e ait gegerli etkinlik 6rnegi bulunmaktadir. OA21

burada paralelkenar1 kosegeninden ikiye boldiigiimiizde ayni taban ve yiikseklige sahip iki {iggen
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olusacagini sekille gostererek, 6grencilerin paralelkenarin alan bagintisindan ti¢genin alan bagintisina

ulasmalarini planlamaistir.
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Sekil 14. Besinci baginti igin kismen gegerli etkinlik 6rnegi (OA7)
Sekil 14’de, iiggenin alan bagmtisi igcin OA7’ye ait kismen gegerli etkinlik rnegi bulunmaktadar.
OA7 burada, dikdértgenin alan bagmtisindan yararlanmistir. Olusturdugu etkinlikte, dikdortgeni
kosegeninden ayirdiginda olusan tiggenlerin dik iiggen oldugunu, buldugu alan bagmtisinin dik

tiggenler icin gecerli oldugunu belirtmemis ve tiim {i¢genler igin gegerli olup olmadigim

sorgulatmamuistir.
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Sekil 15. Besinci baginti i¢in gegersiz etkinlik 6rnegi (OA14)

| : I

Sekil 15’de iiggenin alan bagintisi igin OA14’e ait gegersiz etkinlik rnegi bulunmaktadir. OA14
burada, 6grencilerin kareli kagitlarda verdigi licgenler igin birim kareleri sayarak alan bulmalarini ve
yapilan tabloda taban, yiikseklik ve alan arasinda iliski kurmalarinit amaglamaktadir. Ancak {icgenlerin
alani icin birim kareleri saymalar1 konusundaki yaklasimi hatalidir. Kareli kagitta, olusturulan {icgende,
OA14’{in belirttiginin aksine birim kareler hep ortasindan boliinmeyecegi igin birim kareleri bu sekilde

tamamlamak miimkiin degildir.
Alan ve 6grenci bilgisine iliskin bulgular:

Bagintilarin Ogretiminde Ogrencilerin Yasayacag: Zorluklara Iliskin Bulgular: Arastirmada OA’larin
tiggenlerle ilgili verilen bagintilara iliskin alan ve 6grenci bilgisini degerlendirmek i¢gin, bagintilarin
ogretiminde ortaokul 6grencilerinin yasayacag1 zorluklarin neler olabilecegini agiklamalari istenmistir.
Verilerin analizi sonucunda OA’larin bagmtilar igin belirttigi ortak zorluklara iliskin frekans ve yiizde

degerleri Tablo 8'de verilmistir.
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Tablo 8. OA’larm bagmtilar icin belirttigi zorluklara iliskin frekans ve yiizde degerleri

Zorluklar 1.Bagint1 2.Bagintt 3.Bagint1 4.Bagint1 5.Bagint1  Toplam
n % n % n % n % n % n

Motor Becerileri ile Tlgili Zorluklar 27 60 18 40 8 18 1 2 0 0 54

Mliski Kurma-Bagntiy1 Kesfetmede Zorluk 2 4 7 16 21 47 14 31 5 11 49

Bilgi Eksikligine Dayal1 Zorluk 8 18 6 13 6 13 11 24 12 27 43

Tiim Uggenlere Genellemede Zorluk 10 22 6 13 3 7 4 9 0 0 23

Yonergeyi Anlamada Zorluk 4 9 2 4 1 2 3 7 1 2 11

Zihinde Canlandirmada Zorluk 2 4 1 2 0 0 0 0 0 0 3

Tablo 8'den goriilecegi iizere OA’larin belirttigi zorluklarin frekanslar1 bagintidan bagmtiya
degismektedir. Ornegin, birinci bagint1 i¢in motor becerilerine iliskin zorluklar: belirten OA oldukca
fazla iken (%60), dordiincii bagint1 icin sadece bir OA belirtmistir. Besinci bagint1 icin ise OA’lardan
higbiri bu zorluga deginmemistir. Bunun sebebi bagintiya gore 6gretiminde bahsettikleri etkinliklerden
kaynakli olabilir. Yine de en ¢ok belirtilen zorluk, motor becerilerine iliskin zorluklar olmustur. OA’lar
motor becerilerine iliskin olarak makas ile agilar1 kesmede, acgilar1 bir araya getirerek birlestirmede,
agi0lcer ile agilar1 6lgmede, pergel ve cetvel kullaniminda, ip gecirmede, ip baglamada zorluklar
yasayabileceklerini ifade etmislerdir. OA’larin en gok belirttigi ikinci zorluk iliski kurma-bagntiy:
kesfetmede zorluk olmustur. Iliski kurma-bagintiy1 kesfetmede zorluk yasayabileceklerini genel
ifadeler ile belirten OA’larmn yamsira verilen bagmtiy1 ifade eden OA’lar da bulunmaktadir. Ornegin;
OA31 iigiincii bagint: igin “bagimtiy1 kesfetmekte zorluk yasayabilirler.” biciminde ifade ederken, OA30
dordiincii bagint1 icin zorlugu “Kenarlarin uzunluklarinin karesinin hipoteniisiin kenarina esit olma
durumunu kavrayamaz ve karesi ifadesine ulasamayabilir.” bigiminde ifade etmistir. Tablodan da
goriilecegi iizere, OA’lar tarafindan en ¢ok bahsedilen bir diger zorluk, bilgi eksikligine dayali zorluklar
olmustur. Bilgi eksikligine dayali zorluk olarak, on bilgi eksikliklerinden kaynakli zorluklar

yasayabilecekleri seklinde genel ifadeler kullanan OA’larmn yanisira bagintiya 6zgii belli bir konuyu
belirten OA’lar da bulunmaktadir. Bahsedilen OA’lar birinci bagint: i¢in dogru aginin 180° oldugunu,

¢okgenin i¢ agilar1 toplaminin 360 oldugunu, yondes ve icters agilary; ikinci baginti i¢in a¢t kavramins,
ag1 gesitlerini ve {iggen cesitlerini; tiglincii bagint1 i¢in mutlak degeri ve esitsizlik kavramini; dordiincii
baginti i¢in {iggenin alanini, karenin alanini ve koklii sayilars; besinci baginti igin dikdortgenin alaning,
dik tiggenin alanini, yiikseklik kavramini ve kdsegen kavramini bilmemelerinden kaynakli zorluk
yasadiklarini ifade etmislerdir. Bahsedilen bu zorluklarin yami sira bagmntilari tiim tig¢genlere
genellemede de zorluklar yasanacagim belirten OA’lar da olmustur. Ornegin; birinci bagnti igin
tiggenlerin i¢ agilarmin toplammun farkli biiyiikliikteki {iggenler ic¢in farkli olacagm
diisiinebileceklerini, bagintiy1 tiim iicgenlere genellemede zorluk yasayacaklarimi belirten OA40'1n
ifadesi su sekildedir.

“Baz1 6grenciler ti¢genleri biiyiik bazilar: kii¢iik kesmis olacak. Kiigiik iiggen kesen biri biiyiik

licgen kesen arkadasinn i¢ agilar1 toplaminmi daha biiyiik bulabilecegini diisiiniir. Yapilan
etkinlikle bunun boyle olmadigini kendileri fark eder.”
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OA40 burada ticgenin i¢ agilarimi birlestirerek dogru aq1 elde edecekleri etkinligi 6gretim

kisminda onermistir.

Tablo 8'de bahsedilen zorluklar disinda OA’lar, birinci baginti ve besinci baginti igin bu
bagintilara 6zgii baska zorluklar da belirtmistir. Bu zorluklar; birinci baginti i¢in “dogru a¢1 olustugunu
gormede zorluk (n=8; %18)” iken beginci bagimnt1 i¢cin “dikddrtgen, kare veya paralelkenardan ticgen
olusturmada zorluk (n=10; %22)”, “olusan 2 iiggenin es oldugunu gormede zorluk (n=7; %16)”, “iiggenin

yiiksekliginin dikdortgenin kenarina esit oldugunu gérmede zorluk (n=3; %7)”, “tabana ait ytiksekligi

bulmada zorluk (n=5; %11)” tur.

Sonug olarak, KAB kapsaminda GAB’leri icin ortaokul miifredatinda yer alan {icgen
bagintilarina iliskin matematiksel gosterimleri ve ispatlari incelenen OA’larin eksiklerinin, hatta
yanhslarinin oldugu anlagilmaktadir. OA’larin matematiksel gosterim durumlarimn, bagintidan
bagintiya degisiklik gosterdigi, “iliggen esitsizligi” ve “Pisagor bagimntisi” i¢in %60, ve %80 oraninda
dogru gosterim olmasina karsin. 6zellikle a¢1 kenar iliskisine yonelik ikinci baginti ve besinci baginti
olan alan bagintis1 i¢in dogru gosterimin oldukga az oldugu goriilmiistiir. Diger yandan, bagintilarin
ispatinin OA’lar tarafindan pek yapilamadigi, bos birakilan ve gecersiz ispat olarak degerlendirilen
durumlarin (%66) oldukca cok oldugu belirlenmistir. Ozellikle {icgende ac1 kenar iliskisine yonelik
ikinci bagint1 ve iiggen esitsizligine yonelik {iiincii bagmtilarda OA’larin neredeyse tamaminin (%93)
ya bos biraktig1 ya da ispatlarinin gegersiz oldugu goriilmiistiir. PAB dahilinde alan 6gretme bilgileri
kapsaminda {iggenlere yonelik bagintilar icin gelistirdikleri etkinlikleri incelenen OA’larin gegerli ve
kismen gecerli etkinliklerinin (%80), gecersiz etkinliklere (%16) oranla oldukca fazla oldugu tespit
edilmistir. Ozellikle tiggenin i¢ agilarinin toplamina iliskin birinci baginti ve ti¢gen esitsizligine iliskin
tigincii bagintida OA’larin neredeyse yarisinin (%56-%42) etkinlikleri gecerli bulunmustur. Bununla
birlikte OA’larn, {iggenlere yonelik bagitilarin 8gretiminde ortaokul 6grencilerinin karsilasacagi genel

zorluklardan bahsetmelerine karsin, bagintiya 6zgii zorluklardan bahsetmedikleri saptanmaistir.
Sonuc ve Tartigsma

Bu galismada OA’larin iiggenlerle ilgili bagintilara iliskin var olan KAB ve PAB’larimi ortaya
koymak amaglanmistir. Bunun igin ortaokul miifredatindaki ti¢genlerle ilgili bagintilara iliskin
OA’larn bilgilerini ortaya cikarabilecek sorular sorulmustur. Bagintilar icin OA’larin toplam dogru
matematiksel gdsterimlerinin (%43), tiim gdsterimlerinin yarisindan az oldugu goriilmiistiir. OA’larin
bagintilar icin toplam gecerli ispatlarinin (%13) ve toplam kismen gegerli ispatlariin (%21) da oldukga
diisiik oldugu belirlenmistir. Bu durum OA’larin konu alan bilgisi kapsaminda genel alan bilgilerinin
yeterli olmadigin gostermektedir. Diger yandan OA’larin bagintilarin dgretimine yonelik gelistirdikleri
tim etkinliklerin %80’inin gegerli etkinlik ve kismen gecerli etkinlik oldugu tespit edilmistir. Bu
oldukga iyi bir orandir. Bu da OA’larin pedagojik alan bilgileri kapsaminda 6gretme bilgilerinin

oldukca yeterli oldugunu gostermektedir. Ancak OA’larin bagmntilarin dgretiminde, dgrencilerin
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muhtemel zorluklarini tanimlamada konuya 6zgii bilgilerinin yeterli olmadig1 belirlenmistir. Bu da

pedagojik alan bilgisi kapsaminda OA’larin alan ve Ogrenci bilgilerinin yetersizligine isaret etmektedir.

GAB bilesenlerinden biri matematiksel dilin dogru bir sekilde kullanilmasidir (Ball ve digerleri.,
2008). Bunun i¢in, OA’larin bagimtilari ifade ederken kullandiklari notasyonlar, semboller ve yaptiklari
cizimler degerlendirilmistir. Bulgulara gore, OA’larin ¢ogu, acl, derece, kenar, alan, mutlak deger gibi
sembollere dikkat etmeden ve baginti ile ilgili tiim kosullar1 dikkate almadan gosterim yaptiklari igin,
dogru gosterimler yaridan azdir. Bu durum, Ubah (2021) tarafindan ulasilan sonuglara benzer olarak,
cogu OA’min matematigin kendine ait dilini dogru bir sekilde kullanamadigini gostermektedir. Ayrica
i¢ agilarin toplami ve agi-kenar iligkisinde gosterim yapmayanlar da vardir. OA’larin ortaokuldan beri
bilmelerine ragmen bu bagintilarin gosterimini bos birakmalar1 dikkat gekicidir. En ¢ok dogru
gosterimin yapildigi baginti, tiggen esitsizligidir. Bunun sebebi, {icgen esitsizligi bagintisini lisans alan
derslerinde kullanmalari olabilir. Yapilan tiim gosterimlerin dogru ya da kismen dogru oldugu baginti
da alan bagintisidir. Ancak ¢cogunluk, taban ve bu tabana ait yiiksekligi belirtmedigi i¢in kismen dogru
olarak gosterebilmistir. Ogretmen bilgisinin, dgrenci bilgisini olusturdugunu diisiindiigiimiizde
(Blomeke ve Delaney, 2012; Even ve Tirosh, 1995; Hill, Rowan ve Ball, 2005), OA’larin tiggenin alaninda
dikkat etmedigi bu noktanin (Alatorre ve Saiz, 2009; Altintas ve Hgiin, 2017; Cunningham ve Roberts,
2010; Gutiérrez ve Jaime, 1999), dgrencilerde eksik bilgi ve hatta kavram yanilgisina sebep olacag:

diistintilebilir.

GAB ayrica konuyla ilgili kurallari, tanumlari, teoremleri bilmeyi gerektirir (Ball ve digerleri.,
2008). Ancak bu galismanin bulgular1 OA’larin {icgenlerle ilgili bagintilarin ispatinda oldukga basarisiz
olduklarim gdstermistir. Ozellikle agi-kenar iligkisi ve iiggen esitsizligi bagmtilarinda OA’larin
higbirinin gecerli ispat yapamadigi, hatta biiyiik ¢ogunlugun hig¢ ispat yapmadig1 goriilmiistiir. Bu
kategori kapsaminda alan bagintisimin ispatini gegerli ve kismen gegerli yapan OA’lar genellikle
paralelkenar, dikdortgen ve kareden yararlanarak bagintiy1 elde etmislerdir. Yew, Zamri ve Lian (2010)
da ii¢ggenin alan bagmntisini bu sekilde acgiklayamayanlarin, formiilii anlamh bir sekilde 6grenmemis
olduklar1 sonucuna varmistir. Ancak mevcut ¢alismadaki ispatlarin ¢ogunda dik ii¢gen icin alan
bagmtisina ulasilmis, herhangi bir {icgen i¢in bagintinin dogrulugu genellenmemistir. Bu yiizden ¢cogu
ispat kismen gecerli olarak degerlendirilmistir. Sonug olarak OA’larin tiggenlerle ilgili bagintilar igin
genel olarak gecerli ispat yapmakta zorlandiklari, ispat girisimlerinde yeterli aciklama yapamadiklari,
gerekgelerini sunamadiklar1 sOylenebilir. Giiner ve Topan (2016) da 6gretmen adaylarinin ti¢gen
Ogretimindeki teoremlerin ispat becerilerinin zayif oldugu sonucuna varmistir. Genelde ispat olarak,
belirli 6rnek degerler icin dogrulama yaptiklar: da saptanmaistir. Ogretmen ve 0gretmen adaylari ispat
yapma kavramini, belirli Ornekler tizerinde dogrulamak ve hesaplamalar yapmak olarak
yorumlayabilmektedir (Martin ve Harel, 1989; Morris, 2002; Simon ve Blume, 1996, Weber, 2001).

Uygun (2016) arastirmas: sonucunda argiimantasyon cergevesinde geometrik sekilleri insa etmenin
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O0gretmen adaylarinin ispat yapmalarin kolaylastirdigini belirtmis ve hatta tiggen konu alan bilgilerinin

gelistigi sonucuna ulasmistir.

AOtB agisindan OA’larin bagintilar icin onerdikleri etkinliklerde, bagmtilarin ispatindaki
durumun tersine oldukga basarili olduklar1 anlagilmistir. Bagintilar icin 6nerdikleri etkinliklerin ¢ogu
gegcerli veya gelistirilmesi gereken etkinliktir. Ayrica bos birakilma orani oldukga diisiiktiir. Burada
dikkat ceken nokta, OA’larin bir 6rnek iizerinden genellikle agi-kenar iliskisi ve {icgen esitsizligi
bagintisin1 kesfettirmeyi planladiklar1 goriilmiistiir. Bu durum da 6grencilerin bu bagimntilarin her
zaman gegerli olugunu anlamasina engel olabilir ve kavram yanilgis1 olusturabilir. Pisagor bagintisinin
Ogretimi i¢in gelistirilen etkinlerinin ¢cogu kismen gecerlidir. Ciinkii dik {i¢genin kenarlari iizerine insa
edilen kareler gosterilse de tii¢genin kenarlari ve karenin alanlar1 arasindaki iliski tam olarak
agiklanmamis ve tek ornekle genelleme yapilmistir. Huang ve Leung (2002) da yaptiklar1 6gretim
analizlerinde Chech ve Hong Kong 0gretmenlerinin teoremi gorsel olarak dogrulama egiliminde
oldugunu ifade etmistir. Zazkis ve Zazkis (2016) de benzer sekilde 6gretmen adaylarmin Pisagor
teoreminin Ogretimi icin gorsel ve sayisal gosterim kullanma egiliminde oldugunu belirtmistir. Bu
teoremin kavramsal 6gretimi igin, Moutsios-Rentzos ve digerleri (2014) dik acih bir {iggenin kokenleri
ile deneyimsel diisiinme ve ardindan bunu soyutlastirarak aksiyomatik sistemde kanitlanmis bir
cebirsel ifadeye dontistiirme siirecinin, 6grenci anlayislarini destekledigini vurgulamistir. Yang'in
(2009) calismasindaki 6gretmen de 6grencilerin Pisagor teoremini anlamalarini desteklemek igin dersini
Onermelerin gerekcelendirilmesi ve Onermelerin {iretilmesi seklinde revize ederek gelistirmistir. En
fazla kismen gegerli etkinlik olusturulan baginti ise {iggenin alan bagmtsidir. Ciinkii cogu OA
dikdortgenin alanindan yararlanarak sadece dik {iggenin alan bagintisina yonelik etkinlik olusturmus

ve bunu herhangi bir {i¢gen i¢in genellememistir ve kismen gegerli olmustur.

AOB agisindan OA’lar 6grencilerin yasayabilecegi olasi zorluklara deginmistir. Ancak
cogunlukla motor becerilere iligskin, bilgi eksikligine dayali, iliskiyi gormede, yonergeyi anlamada
zorluk gibi her konunun 6greniminde yasanabilecek genel zorluklara deginmislerdir. Halbuki yeterli
AOB konuya 6zgii zorluk ve kavram yanilgilarina hakim olmayi gerektirir (Ball ve digerleri., 2008).
Yurtyapan ve Karatas (2020) da calismalarinda dgretmenlerin tiggenlere iliskin 6grencilerin kavram
yanilgilarim1 dogru tespit ettiklerini ve sebebini agiklayabildiklerini belirtmistir. Bilik’in (2016)
calismasinda, Ogretmen adaylari alami bulurken ogrencilerin taban ve bu tabana ait ytiiksekligi
belirlemede problem yasadigini ifade edebilmislerdir. Bu galismada da bu zorlugu belirten OA’lar
olmustur. Nitekim, Ogrencilerle yapilan c¢alismalarda, tiggenlerle ilgili bagintilara 6zgii kavram
yanilgilar1 tespit edilmistir. Bu zorluklarin disinda ayrica alan yazinda, {i¢genlerin alanini bulurken
ogrencilerin taban ve bu tabana ait yiiksekligin carpimini ikiye boélmedikleri (Orhan, 2013); {icgenin
alanini bulmak i¢in 6grencilerin ii¢ kenar uzunlugunu carptigi, cevre hesabi yaptigy, dik {icgenin alan
i¢in hipotentiis ile bir dik kenar1 ¢arptig1 (Gokdal, 2004) goriilmiistiir. Ancak bu ¢alismadaki OA’lar bu

zorluklari belirtmemistir.
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Genel olarak, OA’larin konu alan bilgilerinin, matematiksel dil kullanimi ve ispat yapma
agisindan yeterli olmadig goriilmiistiir. Pedagojik Alan Bilgisi agisindan da OA’larin Ogretim siirecini
tam olarak planlayamadiklari sdylenebilir. C)grencﬂerin diisiintisii ile ilgili bilgileri de yetersizdir. Bu
ylizden, Ogretmen adaylarmin bilgilerinin gelistirilmesinin yani sira, Ogretim pratiklerinin de
ogretmenlik uygulama derslerinde iyilestirmesi amaglanmalidir. C)grencﬂere ait gercek veya temsili
¢ozlimler, alan Ogretimi derslerinde Ogrencilerin anlayislarini ve kavramlarini analiz etmek igin
kullanilabilir. Tleriki arastirmalarda, 6gretmen adaylari ile goriigsmeler yapilarak daha detayl bulgular
elde edilmesi ve 6gretmen egitiminin son yilinda uygulama dersleri almakta olan 6gretmen adaylarinin

pedagojik alan bilgilerinin incelenmesi planlanmaktadir.
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Introduction

One of the most significant aspects of the learning process is the teacher. During instruction, it
is crucial that the teacher's content knowledge be exact and comprehensive (Shulman, 1986). In addition
to content knowledge, the teacher's understanding of which models should be utilized during the
teaching of the subject, how to arrange the activities, the difficulties that the students may encounter,
and the precautions to be taken in response to these issues is crucial (Ball, 2000; Ball, Thames, and

Phelps, 2008).

Geometry, a subfield of mathematics, assists students in comprehending their environment and
associating mathematical ideas (Fidan and Tiirniiklii, 2010; Luneta, 2015, NCTM, 2000; Patkin and
Levenberg, 2012). Triangles are also one of the geometry topics taught to children as early as preschool
(Ubuz and Aydin, 2018). In elementary school, students are taught fundamental principles relating to
the definition of the triangle. In middle school, they are taught multiple connections relating to the
triangle's angle and side characteristics. Relationships for the sum of the interior angles of a triangle (5th
grade), area (6th grade), triangle inequality (8th grade), angle and side (8th grade), and Pythagorean
(8th grade) are included in the middle school curriculum (Ministry of National Education (MEB), 2018).
However, while explaining these relationships, teachers often present them as formulae. The geometry
subject knowledge and geometry teaching competence of instructors should be sufficient for conceptual
geometry instruction (Gutiérrez and Jaime, 1999; Jones, 2000). This study aims to assess the knowledge
of pre-service teachers on triangular relationships, their knowledge of how to teach these relationships,

and the difficulties that middle school students may experience.
Mathematical Knowledge for Teaching (MKT)

The concept of teacher knowledge was first defined by Shulman (1986) and later elaborated and
developed by many researchers (e.g., Cochran, DeRuiter, and King, 1993; Grossman, 1990). Some
mathematics education researchers have also defined this concept specifically for mathematics teachers
(e.g., An, Kulm, and Wu, 2004; Ball et al., 2008; Fennema and Franke, 1992; Rowland, Turner, Thwaites,
and Huckstep, 2009). In addition to having strong conceptual content knowledge, teachers should know

the relationship between concepts and students' thinking. In this sense, the content knowledge that
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teachers should have and the ways of using this knowledge in practice based on student thinking are
the fundamental components of teaching (Ball, 2000). Because it is special to mathematics, the notion of
"Mathematical Knowledge for Teaching (MKT)" implemented by Ball et al. (2008) has been broadly

embraced by mathematics educators.

MKT consists of Subject Matter Knowledge (SMK) and Pedagogical Content Knowledge (PCK)
categories (Figure 1). As one of the components of SMK in MKT, Common Content Knowledge (CCK)
is the mathematical knowledge used by everyone who engages with mathematics. Multiplying
fractions, understanding that the square is a particular instance of the rectangle, and understanding that
0/5 equals zero are examples of such knowledge. With this understanding, instructors can accurately
answer issues and use terminology and notations. Specialized Content Knowledge (SCK) refers to the
mathematics-specific knowledge that mathematics instructors should possess. It goes beyond
conceptual knowledge. Teachers use this information for pedagogical purposes. A teacher with this
knowledge may, for instance, model multiplication with fractions, distinguish between separation and
comparison in subtraction, and explain reversing the divisor in the division. The teacher must grasp
both the conceptual structure and the visual features of the mathematical topic for the learner to
comprehend it. Horizon Content Knowledge (HCK), on the other hand, refers to the teacher's
understanding of related subjects at previous and subsequent levels of the mathematical subject/concept
he is teaching. The awareness of the link between the concepts of fractions and ratios is an example of

horizon content knowledge.

The Knowledge of Content and Students (KCS) component of PCK entails teachers designing
their mathematics lessons considering students' thinking, interest, level, difficulties, misconceptions,
and subject-specific knowledge. For example, the teacher should be aware of the misconception that
children add fractions by thinking like natural numbers without equating the denominator. The second
component of PCK, Knowledge of Content and Teaching (KCT), needs teachers to be able to make
teaching decisions, arrange topics for instruction, choose examples, and evaluate the efficacy of models
and representations. In connection to the above scenario, one example of this sort of knowledge is the
teacher's use of unit fractions and models while teaching addition to prevent this error. The third
component of PCK, Knowledge of Content and Curriculum, refers to the arrangement of topics in
accordance with the curriculum, as well as the activities and explanations proposed by the curriculum.
This form of knowledge includes the accomplishments of fractions at various grade levels (Aslan-Tutak

and Koklii, 2016).
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PEDAGOGICAL CONTENT
KNOWLEDGE

SUBJECT MATTER KNOWLEDGE

Figure 1. Mathematical knowledge for teaching (Ball et al., 2008)
In this study, the MKT model was used to examine the pre-service teachers' knowledge of
relations related to triangles. The MKT model was chosen because mathematicians thought it would

provide better and more meaningful results because it is specific and detailed.

Pre-service Teachers’ Subject Matter Knowledge and Pedagogical Content Knowledge about

Triangles

Examining the literature, it has been determined that the geometry knowledge of pre-service
teachers is often inadequate (see Aslan-Tutak and Adams, 2015; Couta and Vale, 2014). Specifically,
there are studies that assess the triangle teaching knowledge of mathematics teachers. Most of these
studies in the literature concentrate on the content knowledge of teachers and prospective teachers.
These studies involve the definition and concept image of triangles, knowledge and perception of

height, the notion of area, the Pythagorean theorem, and similar triangles.

Definitions are one of the major components of subject matter knowledge (Johnson, Blume,
Shimizu, Graysay, and Konnova, 2014; Zazkis and Leikin, 2008). Tsamir, Tirosh, Levenson, Barkai, and
Tabach (2014) studied preschool teacher definitions. The researchers determined that the teachers
provided the right definition of a triangle by elaborating on its mathematical qualities. However, they
also observed that the right definition does not necessarily correspond to the proper shape of the
triangle. For a similar purpose, Ulusoy (2021) examined pre-school and middle school mathematics
teacher candidates’ triangle definitions and concept images. She concluded that the pre-service teachers
had difficulties in explaining the definition of triangle, exemplary and non-example situations and their
justifications using necessary and sufficient conditions. Pre-service teachers and teachers had trouble
distinguishing right triangles when the right sides are not vertical and horizontal and obtuse triangles
outside the prototype examples (Van der Sandt and Nieuwoudt, 2003; Ward, 2004). One of the concepts
that are frequently discussed within the scope of triangle content knowledge is the height and, thus, the
orthocenter. Gutierrez and Jaime (1999) investigated pre-service teachers' understanding of the concept
of height in a triangle. They identified common errors in pre-service teachers' comprehension and
concluded that they had a weak concept image. Hizarci, Ada, and Elmas (2006) also found that a small

number of pre-service mathematics teachers were able to correctly define the altitude and the
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orthocenter in a triangle, and most of them tried to create the orthocenter in the inner region of the
triangle. Similarly, pre-service teachers drew the heights in the right triangle and obtuse triangles
incorrectly since the heights in the acute triangle are always drawn in the inner region of the triangle
(Altintas and Ilgﬁn, 2017; Cunningham and Roberts, 2010; Gutiérrez and Jaime, 1999). Alatorre and Saiz
(2009) also examined the content knowledge of teachers and prospective teachers in the context of the
concept of height in a triangle, base in a triangle, triangle inequality and Pythagorean theorem. Their
findings showed that teachers gave more correct answers than novice teachers. Despite this, the
researchers generally stated that the participants had misconceptions and difficulties with the items
containing these concepts about triangles. Some pre-service teachers thought that there was only one
base in a triangle and it should be in a horizontal position (Alatorre and Saiz, 2009; Altintas and Ilgiin,

2017).

Similar triangles are another research focus involving the triangle knowledge of teachers and
prospective teachers (Ubah, 2021). While prospective teachers identify similar triangles and
express them in writing, Ubah (2021) examined their usage of notations, letters, and side length ratios.
Although the majority of prospective teachers were able to see the similarities, they struggled to
translate them into a symbolic expression, such as "triangle similarity.” Consequently, it has been argued
that employing visual representations while detecting similar triangles may aid in the development of
pre-service teachers' geometry content understanding (Ubah, 2021). Apart from the concepts
mentioned, teachers' misconceptions, such as confusing the concepts of centroid and orthocenter of the
triangle and using the concept of height in a Euclidean equation, were also mentioned within the subject

matter knowledge of triangles (Altintas and Ilgiin, 2017).

Teachers” and pre-service teachers' knowledge of and ability to prove triangle formulae and
theorems may also be assessed based on their subject knowledge. In this regard, Giiner and Topan
(2016) also analyzed the triangle teaching theorems utilized in middle school (sum of interior angles in
a triangle, Pythagorean theorem, area formula, angle-side relationship and triangle inequality).
Researchers requested that prospective elementary school mathematics teachers prove the
aforementioned propositions. It has been established that their general proof abilities are inadequate,
and they only validate for specific sample values. Generally, prospective teachers favor simple and

practical answers.

In the literatiire review, it has been found that most research evaluating pedagogical content
knowledge of triangles concentrates on the triangle concept, teaching the Pythagorean theorem, triangle
area, and triangle misconception/difficulty understanding. Jin and Wong (2021) investigated the effects
of three approaches they employed in eighth grade to conceptualize triangles. These strategies include
1) definition-example-non-example for the meaning of the ideas, 2) a concept map for understanding

the links between concepts, and 3) the classic paper-and-pencil method for working with concepts and
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their attributes. The researchers determined that these three approaches to conceptual comprehension

complement one another.

One of the subjects in which the pedagogical content knowledge of triangles is examined is the
teaching of the Pythagorean theorem. There are studies that deal with the learning of this theorem from
both the perspective of teachers and students. Zazkis and Zazkis (2016) asked pre-service mathematics
teachers to continue the Pythagorean theorem, whose proof was given in the context of a scenario
involving teacher-student dialogues. In their written scenarios, pre-service instructors noted algebraic
operations and recurring student errors. They also suggested various instructional strategies, such as
using visual numerical notation and reminding, to eliminate this error. Huang and Leung (2002)
analyzed and presented the Pythagorean theorem teachings of the distinct teachers in three different
locations (Hong Kong, Shanghai, and Chech). While Chech and Hong Kong teachers tended to verify
the theorem visually, Shanghai teacher focused on mathematical proof. While the Shanghai teacher
made the student learn the Pythagorean theorem with his own configuration, other teachers also gave
some information to the students. Yang (2009) also investigated the evolution of Pythagorean theorem
instruction in a Shanghai teacher's teaching-research group. In this form of teaching-research group,
often seen in Chinese schools, the course is revised after discussions on supporting student learning.
The teacher taught the Pythagorean theorem to three different classes. While the teacher's first lesson
theorem was focused on practice, the second lesson was revised to justify propositions, and the third
lesson to produce propositions. In the student dimension, Moutsios-Rentzos, Spyrou, and Peteinara
(2013) looked at the effect of an instructional design used in the teaching of the Pythagorean theorem.
The researchers found that the students in the experimental group were able to develop different
understandings compared to the control group in the instructional design in which the Pythagorean
theorem was developed. He also emphasized that experiential thinking with the origins of a right
triangle and then abstracting it into an algebraic expression proven in the axiomatic system supports

student understanding.

One of the studies examining prospective teachers' knowledge of students' possible
misconceptions is Bilik's (2016) study. Bilik (2016) examined pre-service teachers' knowledge of
misconceptions and difficulties students may have about the area in the triangle. Pre-service teachers
stated that possible misconceptions and difficulties related to the area are related to the concept of
height. They especially stated that they had problems determining the base and the height of this base,
and they suggested the discussion method to eliminate these misconceptions. Yurtyapan and Karatas
(2020) evaluated the knowledge of teachers through three scenarios for the angle-side relationship and
the determination of orthocenter for triangles. The researchers stated that while most of the teachers
answered the questions about the angle-side relationship in a triangle correctly, most of the teachers

could not answer the question about the determination of the orthocenter correctly. Furthermore, the
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researchers stated that the teachers generally correctly identified the students' misconceptions and were

able to explain why.

Examining the literature, the themes of defining triangles in the subject matter knowledge of
teachers and pre-service teachers and demonstrating the concept image, height, area, the Pythagorean
theorem, similar triangles, and the relationships of triangles were generally investigated. Pre-service
teachers, according to the studies, have insufficient knowledge and even misunderstandings of some
concepts (e.g., the orthocenter). In the pedagogical content knowledge of triangles, the teaching of the
triangle concept, and the Pythagorean theorem, prospective teachers' knowledge of misconceptions and
difficulties about triangle area and triangles were investigated. These studies also suggest that pre-
service teachers are often aware of potential student misconceptions. In addition, they have advised

using student-centered methodologies and strategies to implement conceptual teaching.
Significance and Purpose of this Study

When examining the research as a whole, it is evident that one or more triangle-related ideas
are emphasized (such as definition, area, and the Pythagorean theorem). In consideration of the overall
middle school mathematics curriculum, all triangle-related relations are discussed in this study. Middle
school pre-service mathematics teachers should have sufficient knowledge of these relations. In
addition, it can be said that there are few studies on the relations in triangles that examine pre-service
teachers' subject matter knowledge and pedagogical content knowledge simultaneously. At this point,
the current study focused on both types of knowledge simultaneously. This study assessed both the
triangle-related relationships and the topic and pedagogical content knowledge of pre-service teachers.
Thus, it is aimed at reaching more comprehensive results regarding the knowledge of pre-service

teachers about triangles.

This study aims to reveal the existing knowledge of pre-service teachers about relations in
triangles. The present study intends to determine the existing subject matter knowledge and
pedagogical content knowledge of the preservice middle school mathematics teacher about the relations
in triangles, to determine the deficiencies in this knowledge, and to make suggestions to overcome these
deficiencies. In line with these purposes, this study aimed to answer the following question, "What is
the knowledge of pre-service middle school mathematics teachers about the relations in triangles?" This

research problem is organized according to sub-questions as follows:

1. What is the subject matter knowledge of the pre-service middle school mathematics teachers

in terms of common content knowledge about relations in triangles?

2. What is the pedagogical content knowledge of the pre-service middle school mathematics
teachers, including the knowledge of content and teaching and the knowledge of content and students

regarding the relations in triangles?
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Method

This study was designed with a qualitative research method, and data collection and analysis
were carried out in this context. Qualitative research provides a detailed study of a subject, together
with the participants' comments on that subject. In particular, a case study, one of the qualitative
research methods, was used. Case studies are preferred in qualitative studies to identify the details that
make up a situation, to develop possible explanations for a situation, and to examine a situation in depth
to answer the questions of what, how, and why the study is focused on (Yildirim and Simsek, 2016; Gall,
Gall, and Borg, 2007; Yin, 2003). In the current study, it was investigated whether the pre-service
teachers had sufficient subject matter knowledge and pedagogical content knowledge to teach relations
in triangles. For this, the solutions and explanations of the pre-service teachers were examined and the

case study design was used.
Participants

This study was conducted with 45 third-grade students at a teacher training program in the
Faculty of Education. The reason why especially third-year students were chosen is that at the end of
the sixth semester, they both took the field courses, such as Abstract Mathematics, Geometry, Analytical
Geometry, and Analysis and took the Methods of Mathematics Teaching I course. Thus, they have
almost completed both their knowledge of mathematics and their knowledge of how to teach this

information. In the following sections, the pre-service teachers are called “PTs.”
Data Collection

The data for the present study were derived from the PTs' responses to open-ended questions
about triangles. While determining these questions, the related learning objectives of triangles at the
fifth, sixth, and eighth-grade levels in the middle school curriculum were taken into account (MEB,
2018). Five objectives were determined. Relevant ones have been preferred because these objectives for
which the PTs can suggest constructivist activities. The relations included in the objectives are as

follows:
1. Relation: “The sum of the interior angles of a triangle is 180 degrees.” (5th grade)

2. Relation: “If a triangle has two non-congruent angles, the side opposite the larger angle is

longer than the side opposite the other angle.” (8th grade)

3. Relation: “Triangle Inequality: In a triangle, the length of one side is less than the sum of the

lengths of the other two sides, and its difference is greater than the absolute value.” (8th grade)

4. Relation: “Pythagorean relation: In a right triangle, the sum of the squares of the right sides’

lengths is equal to the square of the length of the hypotenuse.” (8th grade)

5. Relation: “Area relation: The area of a triangle is equal to the half of the multiplication of the

length of a side by the length of its height.” (6th grade)
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The PTs were asked four open-ended questions for each of these relations. In the open-ended
questions, they were asked to express the mathematical notations of each relation, make their
mathematical proofs, explain how they would teach these relations, and explain the difficulties students
might experience during teaching. These questions were created based on the “Mathematical
Knowledge for Teaching (MKT)” model proposed by Ball et al. (2008). The questions were finalized by
taking the opinion of a researcher in mathematics education about the content and understandability of
the questions. The data were collected by the researchers in the Methods of Mathematics Teaching II
course. The PTs were given approximately 60 minutes to answer the questions. The questions asked to

the PTs and their relationships with the components of the MKT model are shown in Table 1.

Table 1. Questions asked to PTs and their relationship with the components of the MKT model

Purpose of this Study Questions Asked the PTs
Subject Matter ~ Common Content Knowledge  Show the given relation with mathematical
Knowledge symbols.
Prove the given relation.
Pedagogical Knowledge of Content and How do you develop an activity for the given
Content Teaching relation?
Knowledge Knowledge of Content and What difficulties might students experience
Students while teaching the given relation?
Data Analysis

The research data were analyzed using content analysis (Yildirim and Simsek, 2013). The data
obtained from the answers given by PTs to the open-ended questions were coded separately by the
researchers and 89% agreement was calculated among the codes that emerged. The researchers
reconsidered the different codes, and a consensus was reached. The codes that emerged from the

analysis are given in Table 2.
Validity and Reliability

To increase the internal validity of this study, the literature was considered while preparing the
open-ended questions. The questions were determined according to the MKT model, which is the focus
of this study. The researchers explained to PTs that their answers did not affect their grades to make
them feel comfortable while answering the questions. The research process is reported in detail to
increase external validity. For the reliability of this study, the percentage of agreement of the codes
obtained from the data analysis was calculated. In addition, the findings were given directly without

comment.
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Table 2. Codes resulting from content analysis

Pedagogical Content Knowledge

Knowledge of Content and

Knowledge of

Teaching

Content and

Students

Developing Instructional Activity

Difficult

No Proof

Valid Activity

Partially Valid
Activity

Invalid
Activity

No Activity

Difficulties
Common to
Each Relation

Specific
Difficulties to
the Relation

Codes Explanation
Correct Drawings made correctly considering mathematical notations and
Notation notations where mathematical language is used correctly.
g Partially Correct drawings without attention to notations or notations that lack
kel Correct mathematical language
<) .
Z Notation
—_
S
£ Incorrect Representations and incorrect drawings that do not correspond to the
] . . .
w Y g Notation given relation
e 9
ke [} =
7} p— -
-
§ 4 No Notation The situation where there is no representation and no drawing
2 3
b= g Proofs that reach the desired with logical and consistent explanations
= o Valid Proof based on mathematical information, rules, propositions or visuals,
-
o § & even using experimental ways, such as cutting, pasting, and folding.
s & =
& z
Proofs including explanations in which some of the mathematical
O 2 Partially Valid |, CUCIng P . ) ) .
= Proof information is used, incomplete information, and inconclusive proofs
< r00
~
S Proofs using incorrect mathematical information, explanations that
S
8 Invalid Proof  are unrelated to the relation, and using specific examples
Sl
-9

The case of no proof of the relation

Activities that provide students to explore and reason with a
constructivist approach.

Activities that do not include incorrect information have deficiencies,
but can be developed and made usable for teaching

Explanations that include incorrect information, not proving the
relation, and are in the form of application of the relation, or very
general statements

The situation in which activity for teaching the relation is not

developed

General difficulties that students may have in the relations

Relation-specific difficulties students may have with the relations
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Findings

The findings of this study, which aims to determine the SCK and PCK of PTs regarding
triangles, are presented under two headings. As a result of the analyses, the frequency tables of common
content knowledge, knowledge of content and teaching, knowledge of content and students, and
examples from the answers of PTs are given. The findings are explained in the context of the MKT

model.
PTs’ Subject Matter Knowledge (SMK) of Relations in Triangles

The findings for the first research question are presented in this section. The SMK of PTs on
triangles was assessed within the context of common content knowledge. For this, the mathematical

notations and proofs of the PTs for the relations in triangles were examined.
Findings regarding common content knowledge:

Findings Related to the Mathematical Notations of the Relations: In this study, the PTs were asked to
express the relationships mathematically to evaluate their common content knowledge about the
relationships given about triangles. The frequencies and percentages related to the categories of

mathematical notations of the PTs are given in Table 3.

Table 3. Frequencies and percentages related to PTs” mathematical notations of relations

Correct Partially correct Incorrect No notations

notations notations notations

N % N % N % N %
1st Relation 14 31 19 42 2 4 10 22
2nd Relation 12 27 18 40 3 6 12 27
3rd Relation 36 80 4 9 1 2 4 9
4th Relation 27 60 14 31 0 0 4 9
5th Relation 7 16 38 84 0 0 0 0
Total 96 43 93 41 6 3 30 13

Table 3 shows the mathematical notations of the PTs’ vary according to the given relations. For

example, in the second relation, which indicates that the long side is opposite the major angle in the
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triangle, 12 PTs showed correct, while 27 PTs showed correctly in the fourth relation, which indicates
the Pythagorean relation. As shown in Table 3, the total correct notations of the relations were less than
half (43%) of all notations. Incorrect notations accounted for 3% of all notations, while those left blank
(13% were relatively high). It is understood from the table that the notations of the first and second

relations are mostly left blank.

The findings showed that the PTs for the first relation were mostly partially correct (42%). It is
noteworthy that although the PTs knew the sum of the interior angles of a triangle since middle school,
almost a third (31%) of them made correct representations. In fact, it has been seen that although the
PTs had knowledge of the sum of the interior angles of the triangles, the notation was not paid attention
to in the representation of the angles or the mathematical representation of this expression, which is
customary to be verbally expressed, is not given importance. Again in Table 3, for the second relation,
as in the first relation, it was seen that the PTs’ notations are mostly partially correct (40%). In the third
relation, it is a remarkable finding that significantly more PTs (80%) showed correctly compared to other
expressions. It is understood from the table that the fourth relation was also shown correctly by the
majority (60%) of the PTs. In fact, for the fourth relation, almost all (91%) of the PTs made correct or
partially correct representations. In addition, the fifth relation was the one in that PTs made the least
correct impressions (16%), while they were mostly partially correct (84%). That is, all of the PTs showed
correct or partially correct representations in the fifth relation. Some examples of mathematical

representations of the PTs for each relation are given in Table 4.
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Table 4. Examples of mathematical notations of PTs’ for the relations

Example of correct notation (a) Example of partially correct Example of incorrect
notation (b) notation (¢c)
Ist L LLGUV 1. UyEELLL 1y aylanl w;zu{lm 1
; A LA 0 sl1go’'d ~
Relation o LAY + m{BYrmll) =150 A+BeC: 18 i 1
Q c A
5
PT6 PT12 PT44
(1-&1) (1—b) (l—C)
2nd : i)ﬁ T e gy,
Relation foger a . %/5 >(¢) atbtc
é --jf;;..'-\.':.‘:-/\ f‘ﬁ]>‘s(§J:) mcr> 1Al b {@}*(Cﬁ i v asse
Lara /pct>1ABI
E qQ C ® —— {
(=2
PT43 PT5 PT23
(2—a) (Z—b) (Z—C)
3rd ) )
Relation [ N o] 2 & a0 ol -
A la—cl Lo &4 atC 2 L ad Lo b /& lbacl € @ & lb-c
e < C. lb-cl & & & b+C
B % A B a
PT19 PT15
PT14 (3-b) (3-c)
(3-a)
4th o
Relation ‘E " (FRALTAE] ¥ .| [Rejza, IACI= b
ot VRt at
ol c
PT37
(4-a)
5th
[—
Relation ,‘\ ‘Ael.\ﬂtl Coshs A!AEC\J
G/,‘_‘J;?n\ - \iilfv‘;%f_', : _é’ljlﬁ 4 A(ﬁ-ﬂ:r\
F) ‘acl‘lN&\ s LM Yy Al‘.\sc)
|kt T
PT29 PT27
(5-a) (5-b)

When the examples in Table 4 are examined, the PTs who made correct representations for each
relation paid attention to the notation in their drawings, showed the angles and sides on the figure and
wrote the relation mathematically correctly. For example, in Figure 2-a, PT43 used the symbols "and,"
"if," where he showed mathematically the relation that the triangle has two unequal angles and that the
angle with the larger measure will be the largest side, and while doing this, he apparently paid attention
to the notations about the angle and the side. In addition, it was observed that some of the PTs took into
account each condition in the relation. For example, as seen in Figure 3-a, PT14 stated all three cases for
the third relation. 11 PTs that showed the correct representation for the third relation showed
mathematically for all three sides as in Figure 3-a, while the others showed only one side. For the fifth
relation, only PT29 mathematically showed the area of the triangle for each side and the height of that
side, as seen in Figure 5-a. It is seen that PTs who show partially correct representations generally do
not pay attention to notation in their drawings, do not consider all the conditions when writing the
relation mathematically, do not pay attention to symbols, such as angle, degree, side, area, and absolute

value, and do not use the language of mathematics. For example, as shown in Figure 1-b, PT12 did not
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put the letter “m” in front of the angles to express their measure, did not put an angle sign over the
angles, and did not put a degree sign over 180. On the other hand, PTs who made incorrect
representations did not pay attention to the notation; they used incorrect notations and expressed the
relations mathematically incorrectly. For example, in Figure 3-c, PT15 stated that one side was greater
than the absolute value of the sum of the other two sides and the difference was less than the absolute
value. This statement was mathematically incorrect. Here, it can be said that PT also has difficulties with

the concept of absolute value.

Findings related to proof of relations: PTs were asked to prove the given relations to evaluate the
common content knowledge of the relations given about triangles. The frequencies and percentages of

the PTs regarding the proof of the relations are given in Table 5.

Table 5. Frequencies and percentages for PTs’ proofs of relations

Valid proof Partially valid proof Invalid proof No proof

N % N % N % N %
1st Relation 17 38 12 26 3 7 13 29
2nd Relation 0 0 3 7 8 17 34 76
3rd Relation 0 0 3 7 7 16 35 77
4th Relation 5 11 13 29 4 9 23 51
5th Relation 7 16 16 36 2 4 20 44
Total 29 13 47 21 24 11 125 55

PTs were quite unsuccessful in proving the relations. In more than half of the relations (55%),
the PTs did not even attempt to prove it. Again, in the proof of a substantial number of relations (21%),
the PTs could not reach the desired result completely and they made incomplete explanations. In
addition, there were also attempts to prove false information (11%) by PTs. In Table 5, especially in the
second and third relations, it was seen that none of the PTs could provide valid proof, and three-quarters

(76-77%) left this question blank.

PTs provided valid proof in the first relation (17) that the sum of the interior angles of the
triangle is the most. Six of the PTs who made valid proofs used the properties of parallel lines and angles
between these lines. While seven of the PTs who made a valid proof used the information that "an
exterior angle of a triangle is equal to the sum of two non-adjacent interior angles," four of them visually
showed that a right angle is formed when the interior angles of the triangle come together. Again, in
the first relation from the table, it is seen that more than half of the PTs (64%) have either a valid proof
or partially valid proof. Nine of the PTs who provided a partially valid proof visually showed the
interior angles of the triangle by combining them but did not specify the concept of right angles. The
number of the PTs (13) who left blank by failing to prove this relation is significantly lower than for the

other relations.

As shown in Table 5, most of the PTs (34) were left blank without attempting to prove the second
relation, which states that the major angle of the triangle is opposite the major side. In the second

relation, none of the PTs could make valid proof, and quite a few PTs (3) made proofs partially valid.
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Two of the PTs who made a partially valid proof explained the correctness of the relation
experimentally, and one related the side lengths of a familiar triangle, 30, 60, and 90, with angles. Again,
from the table, it is seen that PTs (8) mostly make invalid proof in this relation among the given relations.
Six of the PTs whose proofs were invalid explained the angle-side relationship completely intuitively.

The two of them tried to make valid proofs, but made incorrect explanations.

When Table 5 is examined again, it is clear that most of the PTs (35) are left blank without
attempting to prove, as in the second relation of the triangle inequality. In addition, none of the PTs
proved valid in the third relation, and quite a few PTs (3) provided partially valid proof. Two of the PTs
with partially valid proofs explained the correctness of the relation experimentally, and one showed the
relationship between the side lengths of a familiar triangle (3-4-5). Again, it is seen in the table that there
are also seven PTs whose proofs are invalid. Four of the PTs whose proofs were invalid confirmed the
relationship for any number values whose triangles were not clear, and three of them made wrong

algebraic explanations.

In the fourth relation related to the Pythagorean relation, nearly half of the PTs (23) left it blank
without attempting to prove it. In the fourth relation in the table, it is seen that very few PTs (5) provide
valid proof, and some of the PTs (13) provide partially valid proofs. While four of the PTs who provided
valid proofs proved the Pythagorean relation with both visual and algebraic explanations, one used the
Cosine theorem. On the other hand, PTs who provide partially valid proof still use visual explanations,
but their explanations are insufficient. Again, it is seen in the table that there are also four PTs whose
proofs are invalid. Two of the PTs, whose proofs were invalid, showed that a known right triangle (3-
4-5 triangle) satisfied the relation by substituting the side lengths. One of the PTs whose proofs were

invalid visually made incorrect proof, while the other made proof incorrectly algebraically.

In Table 5, it is seen that in the fifth relation of the triangle's area relation, as in the fourth
relation, nearly half of the PTs (20) left it blank without attempting to prove it. In the fifth relation, very
few PTs (7) made valid proof, while approximately one-third (16) of PTs made proved partially valid
proof. Four of the PTs who made valid proof obtained the area relation of the triangle from the
parallelogram visually, and the other three obtained it from the rectangle visually. Twelve of the PTs
who made a partially valid proof obtained the area relation for a right triangle using the rectangle but
did not show the correctness of the relation for any triangle. Four of the PTs who made a partially valid
proof obtained the area relation for an isosceles right triangle using the square. There were also PTs (2)
whose proofs were invalid for the fifth relation. PTs whose proofs were invalid used the area relation
of the right triangle in their proofs. Some examples of the proofs of the PTs for each relation are given

in Table 6.
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The valid proof example of PT11 for the first relation is found in Figure 1-a in Table 6. PT11

showed by drawing a figure that a right angle is obtained by cutting and combining the angles of any

triangle. PT11 showed that the sum of the interior angles of the triangle is 180 ° using materials in an

experimental way. In Figure 1-cin Table 6, there is an invalid proof example of PT23 for the first relation.

As shown in Figure 2-b in the table, PT6 stated that he could see the relationship by measuring
the side lengths of a triangle that meets the conditions. PT6 gave a broad overview of the discovery of
the relation with experimental methods but did not go into detail. As shown in Figure 2-c in Table 6, on
the other hand, PT3 tried to reach the relationship between the side lengths of an isosceles triangle by
forming equilateral angles; however, he formed the congruent angle incorrectly. Therefore, he could not

reach the result, only wrote the result.

When Table 6 is examined again, in Figure 3-b, it was seen that PT3 transferred the sum and
difference of two sides to the table for various side lengths and interpreted whether a triangle was
formed or not. Although PT3 did not give a full explanation, he tried to establish a relationship between
the sides. In Figure 3-c, PT27 took the lengths 4, 5, and 7, which he did not know to form a triangle, and
substituted them in the triangle inequality relation. Here, he actually showed that these lengths satisfy

the inequality.

Again in Figure 4-a in Table 6, it is seen that PT8 proved the Pythagorean relation by placing
the square inside the square and using the area relations. In Figure 4-b in Table 6, there was a partially
valid proof example of PT1 for the fourth relation. Although PT1 stated that the side lengths and the
areas of the squares were related, he did not explain this relationship. PT32, who made an invalid proof
for the Pythagorean relation in Figure 4-c in Table 6, showed that he provided the relation by giving a

numerical value as an example.

For the fifth relation, which is the last relation, there was a valid proof example of PT38 in Figure
5-a in Table 6. PT38 put the triangle inside a rectangle whose long side was defined as a+b and short
side as h and proved using the area relation of the rectangle. In Figure 5-b in Table 6, it is seen that PT7
used the area of the rectangle to reach the area relation of the right triangle but did not obtain the area
relation for the area of any triangle. In Figure 5-c in Table 6, in the invalid proof example, it is seen that

PT18 used the area relation of the right triangle to obtain the area relation of the triangle.
PTs’ Pedagogical Content Knowledge (PCK) of Relations in Triangles

The findings for the second research question are presented under this title. The PTs'
pedagogical content knowledge about triangles was evaluated within the scope of knowledge of content
and teaching and knowledge of content and students. For this, the activities developed by the PTs about
the relations in triangles and their knowledge of the difficulties students may experience during

learning were examined.
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Findings regarding knowledge of content and teaching;:

Findings Related to Developed Activities: The PTs were asked to develop activities for relations to
evaluate their knowledge of content and teaching about the relations given about triangles. The

frequencies and percentages of the categories of activities developed by the PTs are given in Table 7.

Table 7. Frequencies and percentages of the activities developed by PTs

Valid activity Partially valid activity Invalid activity No
activity
N % N % N % N %
1st Relation 25 56 12 26 8 18 0 0
2nd Relation 6 13 28 62 9 20 2 4
3rd Relation 19 42 18 40 6 13 2 4
4th Relation 1 2 34 76 6 13 4 9
5th Relation 1 2 36 80 8 18 0 0
Total 52 23 128 57 37 16 8 4

When Table 7 is examined, it is understood that the PTs were quite successful in the activities
they suggested for the relations, unlike the situation in the proof of the relations. Approximately three-
quarters (80%) of the activities suggested by PTs for relations were valid activities or partially valid

activities. The rate of leaving this question blank was very low (4%).

In Table 7, it is seen that the relation that the PTs constituted the most valid activity (25) and
that they also formed the least partially valid activity (12) was the first relation. The PTs that created
valid activities generally suggested activities for students to discover that a right angle was formed by
cutting or folding the interior angles of a triangle and bringing them together. Two PTs that created a
valid activity suggested activities that would generalize over the table by measuring the interior angles
of various triangles. Although the PTs, who created a partially valid activity, suggested activities for
students to discover that the sum of the interior angles of the triangle creates a right angle, as, in the
current activity, they either did not emphasize the right angle or did not make sufficient explanations
during folding. There were PTs whose activities were invalid. Two of the PTs who created an invalid
activities used the knowledge that "the sum of the exterior angles of a triangle is 360." However, in the
curriculum, the sum of the exterior angles of the triangle is given after the sum of the interior angles of
the triangle. One of the PTs that generated an invalid activity made use of the sum of the interior angles
of the rectangle. Two of the PTs who created invalid activity made explanations unrelated to the
relation. While two PTs that created an invalid activity expressed the relation verbally, one of them said,
"First, angle concepts are adopted directly, then, we start to work with closed shapes as well.” as a
general expression. Furthermore, the table shows that all PTs answered the first relation. Two examples

of PTs' answers to the first relation are given below:
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Figure 2. Example of a valid activity for the first relation (PT4)
In Figure 2, there is a valid activity example of PT4 for the first relation. Here, PT4 expects
students working in groups of two or three to see that a right angle is formed by cutting the angles of

the triangles and joining them in such a way that the sides overlap.
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Figure 3. Example of an invalid activity for the first relation (PT39)

In Figure 3, there is an example of the invalid activity of PT39 for the first relation. Here, PT39
stated that when he divided a rectangle in half, he obtained two triangles, and the diagonal of the
rectangle divided the angles into 45. It is understood that PT39 does not have a good grasp of the

properties of the rectangle and even has a misconception.

When Table 7 is examined, it is seen that while more than half of the PTs (28) constituted a
partially valid activity, only a few of them constituted valid activities in the second relation regarding
the large side opposite the major angle of the triangle. The PTs who created the valid activity stated that
by giving various triangles to the students or asking the students to create triangles with various
materials, they would measure the side lengths and angles and note them on the table they created and
explore the relationship between the angles and sides of each triangle from the table. Although 19 of the
PTs who created a partially valid activity stated that they would count the students to discover a
relationship by measuring the side lengths and angle measurements of the triangles, like the PTs who
created the valid activity, they made measurements for a single triangle and did not plan to create a
table. Therefore, it is not possible for students to notice the relationship in this way. Although nine of

the PTs, which constituted a partially valid activity, developed an activity indicating that there was a
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large side opposite the large angle, they did not fully meet the relation. Again, it is seen from the table
that the most invalid activity (20%) was the second relation. While four of the PTs whose activities were
invalid used general expressions, five of them made explanations unrelated to the angle-side

relationship of the triangle. Some examples of PTs' responses to the second relation are given below.
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Figure 4. Example of a valid activity for the second relation (PT1)

In Figure 4, there is a valid activity example of PT1 for the second relation. PT1 had the students
measure the angles and sides of various triangles by distributing them and recording them on the table,

waiting for the student to see the relationship between the angles and sides.
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Figure 5. Example of a partially valid activity for the second relation (PT13)

Figure 5 shows an example of a partially valid activity of PT13 for the second relation. PT13
compared the side lengths opposite the 60, 90, and 120-degree angles. Thus, by making measurements,
he aimed to discover that there is a large side opposite the large angle. However, PT13 could not carry
this situation to a triangle and did not reach a comparison of the interior angles of a triangle and the

opposite sides.
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Figure 6. Example of invalid activity for the second relation (PT42)



Giindogdu Alayl, F., & Girit Yildiz, D.

Figure 6 shows that PT42 uses general expressions and does not develop a specific activity for

the specified relation.

When Table 7 is examined, approximately 40% (19) of the PTs constituted valid activity in the
third relation regarding the triangle inequality. Thus, it is understood that the third relation was the one
with the most valid activity after the first relation. The PTs that created the valid activity suggested
activities for them to examine the formation of triangles of various lengths and explore the relationship
between triangle formation and side lengths. In the third relation from the table, as much as PTs
constituted an almost valid activity, they constituted a partially valid activity (18). Although PTs that
created partially valid activities had suggested activities to examine whether triangles occurred or not,
like PTs that created valid activities, they could not correctly plan for them to explore the relationship
between triangle formation and side lengths. They dealt with a single triangle example and did not
create a table or question the relationship, so that generalization could not be reached. There were also
six PTs whose activities were invalid. The PTs whose activities were invalid expressed the triangle
inequality to the students themselves, planned an activity for its application, or used general
expressions. Some examples of PTs' answers to the third relation are given below.
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Figure 7. Example of a valid activity for the third relation (PT12)

As shown in Figure 7, there was a valid activity example of PT12 for the third relation. PT12
suggested using dice to get random numbers while forming triangles. He thought of using straws and
threads to see if a triangle was formed. He planned to make a table to examine the states of the triangle

formation.
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Figure 8. Example of a partially valid activity for the third relation (PT33)
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In Figure 8, there is an example of a partially valid activity of PT33 for the third relation. PT33
only dealt with whether a triangle was formed or not. He also gave only one example and did not

suggest a table.
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Figure 9. Example of an invalid activity for the third relation (PT28)

In Figure 9, there is an example of an invalid activity for PT28 for the third relation. PT28 here
aims to discover that the third side of triangles with the same two sides can take different values. While
doing this, he thought the angle remained constant and emphasized the longest side. In addition, it is
difficult for students to understand this activity of PT28. It is even an activity that may lead to student

misconceptions.

In Table 7, it is seen that the fourth relation related to the Pythagorean relation was one of the
relations in which PTs formed the least valid activity (1), and at the same time, one of the relations that
constitute the most partially valid activity (34). The PTs, who created the current activity, created an
activity to discover the relation by establishing a relationship between the sides of the right triangle and
the areas of the squares built on the sides. Although the PTs, which created a partially valid activity,
also showed activity for the squares built on the sides of the right triangle, as in the current activity,
they could not fully explain the relationship between the sides of the triangle and the area of the square
or the areas of the square and generalize with a single sample. While five of the PTs who created an
invalid activity stated that they would measure the sides of the right triangle with a ruler and expect
the students to establish a relationship, one of the PTs stated that they would directly tell the students

the relation. Some examples of PTs' responses to the fourth relation are given below.
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Figure 10. Example of a valid activity for the fourth relation (PT6)

In Figure 10, there is a valid activity example of PT6 for the Pythagorean relation. In the activity
he planned, PT6 had the students first construct a square on the sides of the right triangle 3,4,5, and had
them establish a relationship between the side lengths of the right triangle and the areas of the squares.
Then, he questioned the relationship between the areas of the squares. Thus, the Pythagorean relation
for the right triangle (3-4-5) and then was discovered by the students. He suggested that they reach

generalization by diversifying the examples to show that it would be valid for other right triangles as

well.
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Figure 11. Example of a partially valid activity for the fourth relation (PT18)
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In Figure 11, there is an example of a partially valid activity of PT18 for the fourth relation. PT18
tried to verify the Pythagorean theorem by having students construct 3,4,5 right triangles with squares
on the sides. However, he did not establish a relationship between the sides of the triangles and the

areas of the squares. He did not reproduce the examples to generalize to other right triangles.
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Figure 12. Example of an mvalid activity for the fourth relation (PT22)

Figure 12 shows an invalid event example of PT22 for the Pythagorean relation. PT22 considers
a triangle with right sides of 4 cm and 5 cm. He did not give any information about the third side. He
asked the students if there was a relationship between the sides of this right triangle and told them to
measure the length of the third side with a ruler. It is not possible for students to reach the Pythagorean

relation with these directions.

Itis seen in Table 7 that the fifth relation, the area relation of the triangle, was one of the relations
in which the PTs formed the least valid activity (1); at the same time, they formed the most partially
valid activity (36). The PT, who created a valid activity, expressed an activity to discover the area of the
triangle from the area of the parallelogram. Most of the PTs (25), which constituted a partially valid
activity, created an activity for the area relation of the right triangle with the area of the rectangle. Five
of the PTs, which constituted a partially valid activity, created an activity for reaching the area relation
by giving the area and heights of the triangles and establishing a relationship. In addition, it is
understood from the table that the area relation is one of the relations with the highest number of invalid
events (8). Four PTs who created invalid activities used general expressions, such as "I use the area of
the rectangle." While two of the PTs developed activities to obtain the area of the triangle by assuming
that they knew the area of the right triangle, the other two created an activity to reach the area by
counting the unit squares in the triangle drawn on squared paper. Examples of PTs' answers to the fifth

relation are given below.

7 pprc‘d !LQ on gs'\on sl o =
/ S i l ',_\ v ™
//’/}‘/‘,x‘ S '/ v é\:jf/\ A o i | ’C D%
Ayl v [ Gy ]
O >€ e 1o Iy o o lexcile |
\I‘ -
Cevaana a.n 3\ ¢
’———_\——'—"‘ Vv
e

Figure 13. Example of a valid activity for the fifth relation (PT21)
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In Figure 13, there is a valid activity example of PT21 for the area relation of the triangle. PT21
showed that when we divide the parallelogram in two from its diagonal, two triangles with the same
base and height will be formed. It was planned that the students reach the area relation of the triangle

from the area relation of the parallelogram.
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Figure 14. Example of a partially valid activity for the fifth relation (PT7)

In Figure 14, there is a partially valid activity example of PT7 for the area relation of the triangle.
PT7 used the area relation of the rectangle here. In the activity he created, he did not state that the
triangles formed when he separated the rectangle from its diagonal were right triangles, and that the

area relation he found was valid for right triangles. He did not question whether it was valid for all

triangles.
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Figure 15. Example of an mvalid activity for the fifth relation (PT14)

| i (

In Figure 15, there is an example of invalid activity belonging to PT14 for the area relation of
the triangle. PT14 here aimed to find the area of the triangles given by the students on the squared paper
by counting the unit squares and establishing a relationship between the base, height, and area in the
table. However, his approach to counting unit squares for the area of triangles was flawed. On the
squared paper, it is not possible to complete the unit squares in this way since unit squares will not

always be divided in the middle, contrary to what PT14 stated in the triangle formed.
Findings regarding knowledge of content and students:

Findings Related to Difficulties Students may Experience in Learning Relations: the PTs were asked to

explain the difficulties that middle school students would experience in learning relations to evaluate
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their knowledge of content and students. As a result of the data analysis, the frequencies and

percentages of the common difficulties stated by the PTs for the relations are given in Table 8.

Table 8. Frequencies and percentages regarding difficulties indicated by PTs for relations

Difficulties 1st 2nd 3rd 4th 5th Total
Relation Relation Relation Relation Relation
n % n % n % n % n % n
Difficulties with Motor Skills 27 60 18 40 8 18 1 2 0 0 54
Difficulty Building Relationship- 2 4 7 16 21 47 14 31 5 11 49

Exploring Relations

Difficulty Based on Lack of 8 18 6 13 6 13 11 24 12 27 43
Knowledge

Difficulty =~ Generalizing to All 10 22 6 13 3 7 4 9 0 0 23

Triangles
Difficulty Understanding Direction 4 9 2 4 1 2 3 7 1 2 11
Difficulty Visualizing 2 4 1 2 0 0 0 0 0 0 3

As can be seen from Table 8, the frequencies of the difficulties stated by the PTs varieed from
relation to relation. For example, while for the first relation, the PT indicating difficulties with motor
skills was quite high (60%), only one PT was indicated for the fourth relation. For the fifth relation, none
of the PTs addressed this difficulty. The reason for this may be due to the activities they mentioned in
their teaching according to the relation. However, the most mentioned difficulty was motor skill
difficulties. PTs stated that they might have difficulties with their motor skills when cutting angles with
scissors, combining angles by bringing them together, measuring angles with a protractor, using a
compass and ruler, threading rope, and tying rope. The second difficulty most frequently stated by the
PTs was the difficulty in establishing relationships and discovering the connection. In addition to the
PTs stating that they may have difficulty establishing and discovering a relationship with general
expressions, there are also PTs expressing the given relationship. For example, in PT31, for the third
relation, "they may have difficulty in discovering the correlation." While PT30 stated the difficulty with
the fourth relation as "he cannot grasp the situation where the square of the lengths of the sides is equal
to the side of the hypotenuse and cannot reach the square expression." expressed in the form. Another
difficulty most frequently mentioned by PTs was difficulties based on a lack of knowledge. As a
difficulty based on lack of knowledge, there were PTs that used general statements. For example, they
might experience difficulties due to their lack of prior knowledge, as well as PTs that indicated a specific
topic specific to the relation. The PTs indicated that there was a straight angle, the sum of the interior
angles of the polygon, the corresponding and opposite angles for the first relation; the concept of angle,
types of angles, and types of triangles for the second relation; the absolute value and the concept of
inequality for the third relation; and the radicals for the fourth relation. For the fifth relation, they stated
that they had difficulty because they did not know the area of the rectangle, the area of the right triangle,
the concept of height, and the concept of the diagonal. In addition to these difficulties, some PTs stated
that generalizing the relationships to all triangles would be difficult. For example, the statement of PT40,

who stated that they might think that the sum of the interior angles of the triangles for the first relation
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would be different for triangles of different sizes and that they would have difficulty generalizing the
relation to all triang]es, is as follows.
"Some students will have cut large triangles, while others will have cut small triangles. A person

who cuts a small triangle thinks that his friend, who cuts a large triangle, can find the sum of
the interior angles larger. They realize this is not the case as a result of the activity."

In the teaching part, PT40 suggested the activity where they would add the angles on the inside

of the triangle to make a right angle.

Apart from the difficulties mentioned in Table 8, the PTs also indicated other difficulties specific
to these relations for the first relation and the fifth relation. These difficulties are; for the first relation,
“difficulty in seeing that a right angle is formed (n=8; 18%)” for the fifth relation, “difficulty in forming
a triangle from a rectangle, square or parallelogram (n=10; 22%),” “difficulty in seeing that the two
formed triangles are congruent ( n=7; 16%,” “difficulty in seeing that the height of the triangle is equal

to the side of the rectangle (n=3; 7%),” “difficulty in finding the height of the base (n=5; 11%).”

As a result, the PTs, whose mathematical representations and proofs regarding triangle
relations in the middle school curriculum for CCK within the scope of SMK were examined,
haddeficiencies and even mistakes. Although the mathematical representations of the PTs varied from
relation to relation, there were 60% and 80% correct representations for the "triangle inequality" and the
"Pythagorean relation." It was observed that the correct representation was relatively low, especially for
the second relation for the angle-side relation and the area relation, which is the fifth relation. On the
other hand, it was determined that the proof of the relations could not be performed by the PTs, and
there were many cases (66%) that were left blank and considered invalid proof. Especially in the second
relation for the angle-side relationship in the triangle and the third relation for the triangle inequality,
it was seen that almost all of the PT (93%) were either left blank or their proofs were invalid. It was
determined that the valid and partially valid activities (80%) of the PTs whose activities for the relations
of triangles were examined within the scope of knowledge of content and teaching within the PCK were
considerably higher than the invalid activities (16%). Especially in the first relation for the sum of the
interior angles of the triangle and the third relation for the triangle inequality, the efficacy of almost half
of the PTs (56%-42%) was found to be valid. On the other hand, it was discovered that while the PTs
discussed the general difficulties that middle school students would face when learning triangle

relations, they did not discuss the relation-specific difficulties.
Conclusions and Discussion

This study aims to uncover the existing SMK and PCK of the PTs related to triangle relations.
For this, questions were asked that could reveal the knowledge of PTs about the relations related to
triangles in the middle school curriculum. The total correct mathematical representations (43%) of PTs
for the relations were less than half of all representations. The findings showed that the total valid proofs

(13%) and total partially valid proofs (21% of the PTs) for the relations were also quite low., This finding
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suggests that the common content knowledge of the PTs is not sufficient within the scope of the subject
matter knowledge. On the other hand, 80% of all activities developed by PTs for teaching relations were
valid activities or partially valid activities. This suggests that the teaching knowledge of PTs within the
scope of pedagogical content knowledge is quite sufficient. However, it was determined that the subject-
specific knowledge of the PTs was not sufficient to define the possible difficulties of the students in the
learning of relations. This points to the inadequacy of PTs' knowledge of the content and students'

knowledge within the scope of pedagogical content knowledge.

One of the components of CCK is the correct use of mathematical language (Ball et al., 2008).
For this, the notations, symbols, and drawings used by the PTs while expressing the relations were
evaluated. According to the findings, the correct representations are less than half since most of the PTs
do not pay attention to symbols, such as angle, degree, side, area, and absolute value and do not take
into account all the conditions related to the relation. This situation, consistent with the results reached
by Ubah (2021), shows that most PTs cannot use their own language of mathematics correctly. There
are also those who do not show the sum of interior angles and the angle-side relationship. It is worth
noting that, despite knowing about these relationships since middle school, PTs left the representation
of these relationships blank. Most of the PTs represented the triangle inequality correctly. This may be
because they used the inequality triangle in their undergraduate courses. The relation in which all the
representations are correct or partially correct is the area relation. However, because the majority did
not specify the base and its height, they were only able to show it partially correct. Given that teacher
knowledge constitutes student knowledge (Blomeke and Delaney, 2012; Even and Tirosh, 1995; Hill,
Rowan and Ball, 2005), this point in the triangle area that PTs do not pay attention to (Alatorre and Saiz,
2009; Altintas and ﬂgiin, 2017; Cunningham and Roberts, 2010; Gutiérrez and Jaime, 1999) can be

thought to cause incomplete information and even misconceptions for students.

CCK also requires knowing the rules, definitions, and theorems related to the subject (Ball et
al.,, 2008). However, the findings of this study showed that the PTs were quite unsuccessful in proving
relations related to triangles. It was observed that none of the PTs could provide valid proof, especially
in the angle-side relationship and triangle inequality relations. Even the vast majority did not prove
anything at all. In this category, PTs who made the proof of the area relation valid or partially valid
generally obtained the relation using a parallelogram, rectangle, or square. Yew, Zamri, and Lian (2010)
also concluded that those who could not explain the triangle's area relation in this way did not learn the
formula in a meaningful way. However, in most of the proofs in the present study, the area relation for
a right triangle has been reached. However, the accuracy of the relation for any triangle has not been
generalized. Therefore, most proofs are considered partially valid. As a result, it can be said that PTs
have difficulties proving generally valid relations related to triangles. They cannot provide sufficient
explanations in their attempts to prove, and they cannot present their justifications. Giiner and Topan

(2016) also concluded that pre-service teachers' proof skills of theorems in triangle teaching are weak. It



Giindogdu Alayl, F., & Girit Yildiz, D.

has also been determined that they usually validate certain sample values as proof. Teachers and pre-
service teachers can interpret the concept of proving as verifying certain examples and making
calculations (Martin and Harel, 1989; Morris, 2002; Simon and Blume, 1996, Weber, 2001). As a result of
his research, Uygun (2016) stated that constructing geometric shapes within the framework of
argumentation made it easier for pre-service teachers to prove, and she even reached the conclusion

that their knowledge of triangle subjects improved.

It has been understood that the PTs are quite successful in the activities they propose for the
relations, in contrast to the situation in the proof of the relations. Most of the activities they suggest for
relations are valid or need to be developed. Also, the dropout rate is very low. The point that draws
attention here is that PTs generally plan to explore the angle-side relationship and the triangle inequality
relationship through an example. This situation may prevent students from understanding that these
relations are always valid and may create misconceptions. Most of the activities developed for teaching
the Pythagorean relation are only partially valid. Because although the squares built on the sides of the
right triangle are shown, the relationship between the sides of the triangle and the areas of the square
has not been fully explained, and a generalization has been made with a single example. Huang and
Leung (2002) also stated in their teaching analysis that Chechen and Hong Kong teachers tended to
verify the theorem visually. Similarly, Zazkis and Zazkis (2016) stated that pre-service teachers tend to
use visual and numerical representations for teaching the Pythagorean theorem. For the conceptual
teaching of this theorem, Moutsios-Rentzos et al. (2014) emphasized that the process of experiential
thinking with the origins of a right-angled triangle and then abstracting it into an algebraic statement
proven in the axiomatic system supports student understandings. The teacher in Yang's (2009) study
also revised and improved his lesson on justifying propositions and producing propositions to support
students' understanding of the Pythagorean theorem. The relation that creates the most partially valid
activity is the area relation of the triangle. Because most PTs made use of the area of the rectangle only

for the area relation of the right triangle and did not generalize it to any triangle, it was partially valid.

In terms of KCS, the PTs mentioned possible difficulties students may experience. However,
they mostly mentioned the general difficulties that can be experienced in the learning of each relation,
such as difficulties in motor skills, a lack of knowledge, difficulty seeing the relationship, and difficulty
understanding the instruction. However, adequate KCS requires mastery of subject-specific difficulties
and misconceptions (Ball et al., 2008). Yurtyapan and Karatas (2020) also stated in their study that
teachers correctly identified students' misconceptions about triangles and were able to explain the
reason. In Bilik's (2016) study, pre-service teachers were able to state that students had problems
determining the base and the height of this base while finding the area. In this study, there were PTs
who indicated this difficulty. As a matter of fact, in the studies conducted with students, misconceptions
specific to relations about triangles were identified. Apart from these difficulties, in the literature, while

finding the area of triangles, students did not divide the product of the base and the height of this base
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into two (Orhan, 2013); to find the area of the triangle, it was seen that the students multiplied the
lengths of three sides, calculated the perimeter, and multiplied the hypotenuse with a right side for the
area of the right triangle (Gokdal, 2004). However, the PTs in this study did not address these

difficulties.

In general, it has been seen that the subject matter knowledge of PTs is not sufficient in terms
of using mathematical language and making proofs. In terms of pedagogical content knowledge, it can
be said that PTs cannot adequately plan the teaching process. Their students' knowledge of thinking is
also insufficient. Therefore, in addition to improving the knowledge of pre-service teachers, it should
also aim to improve their teaching practices in the practice courses. Real or simulated solutions from
students can be used to analyze students' understandings and concepts in the field method courses. In
further research, it is planned to obtain more detailed findings by interviewing pre-service teachers and
examining the pedagogical content knowledge of pre-service teachers taking practical courses in the

last year of teacher education.
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