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ABSTRACT. Taxicab geometry which is very close to Euclidean geometry has
many areas of application and is easy to be understood. In this paper, we
expressed the equation for perpendicular circular cylinder in taxicab space
geometry. We also defined taxicab helix on taxicab perpendicular circular
cylinder and found the curvature and torsion of this helix.

1. INTRODUCTION

Taxicab geometry (known as “Taxi geometry”) was considered by Hermann
Minkowski in the 19th century. While Euclidean geometry measures distance as
the crow flies, Minkowski recognized that this was not necessarily the best model
for many real world situations, particularly for problems involving cities where dis-
tances are determined along blocks and not as the crow flies. Another valuable
aspect of taxicab geometry is its simplicity as a non-Euclidean geometry. It is more
easily understandable than many other non-Euclidean geometries.

Taxicab geometry is a form of geometry in which the usual metric of Euclidean
geometry is replaced by a new metric in which the distance between two points is
the sum of the (absolute) differences of their coordinates [18]. The taxicab distance
is defined as the sum of the horizontal and vertical distance of the two points. This
is the minimum distance a taxicab would need to travel to reach point B from point
A, if all streets are only oriented horizontally and vertically.

Taxicab plane R% is almost the same as Euclidean analytical plane R?. The
points are the same, the lines are the same and angles are measured in the same
way. More formally, we can define the taxicab distance in the Euclidean space as
sum of the lengths of the line segments which each other are the parallel to one of
a coordinate axis (see Figure 1). For example, T between the points A and B with
coordinates (X 4,Y4) and (Xp,Yp) is defined as [4].

(1) T=|Xp—Xa|+|Yp—Ya4|
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while for the Euclidean distance E for the same points is calculated by

(2) E?=(Xp—Xa)?+ (Y —Ya)2

Figure 1

As shown in Figure 1, the green path (Figure 1(a)) is the Euclidean distance
from A to B. The blue path (Figure 1(b)) is one of the taxicab distance from A to
B.

The Taxicab geometry is a non-Euclidean geometry. It is, on the contrary, very
easy to understand and has many beautiful applications in real life. For instance,
it provides us with a non-Euclidean framework for analyzing problems based on
blocks - much like the grid of an urban street map - hence the name “Taxicab
geometry”.

Some of interesting properties about taxicab geometry are;

(1) Euclidean and Taxicab geometry are very close in the view of axiomatic
structure. Taxicab geometry enjoys the twelve properties which constitute a modern
day set of axioms for describing the geometry promulgated by Euclid in antiquity
[18].

(2) Tt has significant applications in the real world. (While Euclidean geometry
can be considered a good model of the real world, the taxicab geometry is a better
model for the world of the cities built by men).

(3) It is understandable by anyone who has gone through a beginning course in
Euclidean geometry.

(4) The ratio of the circumference to radius of taxicab circle is 4. That is 7p = 4
[18].

Since the taxicab plane geometry has a different distance function than the
Euclidean geometry, it seems interesting to study the taxicab analogues of the
topics that include the concept of distance in the Euclidean geometry. Some of
these topics have been studied by some authors [1, 2, 3, 6, 12, 13, 14, 15, 20, 21, 25].
The isometry group of taxicab space was introduced in [7].

The definitions of the inner-product and the norm in the taxicab geometry are
given in [6] and [14], and the taxicab trigonometry is introduced in [1] and [25].

We give the following needed definitions which are introduced in [6, 14, 15, 17,
23].
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Let a = (a1,a2), B = (b1,b2) € R%. We define the taxicab inner-product by

la1b1| 4 |azba| , @, are in the same octant
—laibi| + |a2b2| , @, are in the neighbour octants
(3) <a > . and a1b; < O7 asby >0
T la1b1| — |azba| , «, B are in the neighbour octants
and a1b; > 0, asby <0
—Ja1bi| — |azba| , «,f are in the opposite octants
or
(o, B)p = €1 |a1bi]| + €2 |azbs|
B 1 a;b; >0 -
where ¢; = { 1 oab <0 1=1,2.
Let o = (a1, az) € R% be any vector. Then
(4) | allr=v{a,a)r +2 | aray |

defines the norm of « in taxicab geometry. It is clear that |||, = dr(0,a) [17].
Obviously,

(5) lellr=lar |+ ]az |,

In this paper we will explore the taxicab helix. Instead of using Euclidean angles
measured in radians, we will mirror the usual definition of the radian. Using this
definition, we will use taxicab trigonometry functions cosr(0), sinr(0), tanr(0)
and cotr(0) [1] and finally calculate curvature and torsion of helix .

2. THE TAX1cAB HELIX ON TAXIiCAB CYLINDER

2.1. The Euclidean helix. A “circular helix” is a curve on the perpendicular
cylinder such that there is a constant angle between helix’s tangents and cylinder’s
ruling. To obtain this helix, let’s take a rectangle AM NS and its diagonal |AN]|.
Wrapping the rectangle AM NS around to form a circular cylinder such that the
line segments AM and KN are the diameters of the top and bottom of the cylinder
respectively. So, the diagonal of this rectangle forms a helix curve on this cylinder
(see Figure 2) [9, 11].

Figure 2

Let M C R be a smooth curve denoted by {(I,a)} so that for each s € I, the
velocity vector o (s) constitutes a constant angle with the constant unit vector eg
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on the z axis. Then the curve M is called a helix.

z £ Pitch

Radius ,;\\\

<

Figure 3

’

The tangent of v at point «(u) is o (u), therefore ( = cos p, constant,

||Z'EZ; ||’e?’>

and for k = t+acot ¢, k constant, the parametric equation for helix is

(6) a: [0,27] — E3
v — au) = (acosu,asinu, ku).

The graph of this parametric equation has been shown for a = 1 in Figure 3.

2.2. The taxicab cylinder. A cylindrical surface is the surface generated by a
straight line moving always parallel to a given line, and intersecting a given curve (if
the curve is a plane curve with its plane parallel to the given line, the cylinder is a
plane). The line is called the generator. The curve is called the directrix. A cylinder
is either the solid bounded by two parallel planes and a cylindrical surface whose
directrix is a closed curve, or the surface consisting of the portion of the cylindrical
surface between the planes and the regions of the planes bounded by the cylindrical
surface. The elements are the segment of the elements of the cylindrical surface
between the planes. Perpendicular cylinder is a cylinder whose directrix lies in the
plane and main straight lines are perpendicular to the plane of this directrix [9, 11].

Theorem 2.1. A given equation represents a cylinder which is perpendicular to
any coordinate plane if and only if this equation doesn’t have to contain component
corresponding to the coordinate axis which is not in this plane.

For instance, the equation for perpendicular cylinder with directrix z2 4 32 = 4,
2z = 01is 22 +y? = 4. And this perpendicular cylinder is perpendicular to the plane
in which the variable z is zero [11].
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Therefore, for a perpendicular taxicab cylinder in the taxicab space as shown in
Figure 4, the directrix is

(7) [+ |yl =a, 2=0
So for |z|+ |y| = a,z = k and k € R, the parametric equation of taxicab cylinder is

(8) X (u,v) = (acosy u, asing u,v) .

2.3. The taxicab helix. It is well-known that, geometrically, the curve which lies
on a right circular cylinder and cuts the elements of the cylinder under constant
angle is called a circular helix [9]. So, the parametric equation of the taxicab circular
helix is

T = acosru
(9) y = asinpu

z = ku=(acotrf)u
or
(10) X (u) = (acost u, asing u, ku)

where 6 is constant taxicab angle. Here, the taxicab trigonometric functions have
been given by [1].

Now, let us calculate cotr0 when the taxicab measurement of 0 is fixed. Then
for some values of angle u, we will find the points of taxicab helix in the octant I
of taxicab plane:
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2
Ifo = %F =3 then cotr 6 = 2. Hence, we find points H;, i = 1,2,3,4,5 for

T T TT TT

u =0, , —, respectively (see Figure 5):
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Figure 5
2 4
Hli(a,0,0), Hy = <a7aaa>7 H3:<E>972a)7
(11) ou 8 33 3 2°2
a a a
H = (2222 Hs = (0,a,4a) .
4 <37373>7 5 (7(1, a/)

Using the taxicab distance between the points Hq, Ho, H3, Hy, H5, we will obtain
the minimum distance set about H; and H;1.

The set {P | dr (A, P) + dr (P, B) = dr (A, B) } will be called the taxi minimum
distance set. It consists of all points in the interior and on the rectangular deter-
mined by lines parallel to the axes drawn at the points A and B which has |AB| as
its diagonal. The minimum distance set in taxicab geometry consists of all points
in the interior and on the rectangle having sides parallel to the axes and having the
segment as a diagonal. In each case, if the two points are on a line parallel to an
axis then the minimum distance set is a segment [18, 24].

Now, we want to obtain minimum distance set of H; and Hy. Then we have to
solve the following equation:

(12) dr (Hy, P) + dr (P,Hs) = dr (Hy, Hs)
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2a a 4a

here Hy = Hy=(—,-,—
where 1 (04,0,0), 2 (3 a37 3

) and P = (z,y, 2).

So we obtain the following equation:

3 o—a+lyl+ )+ (|5 -

+‘9— ‘—&- 4—a—z
3 973

) -2

To solve equation (13), we consider the following:
a

4
3,0§z<§aand|x|+|y|:a,weobtain2a:2a.

2
iﬂﬂ§§x<aﬂ§y<
Thus, the solution set is

2 4
(x,y,2) | ga <zr<a,0<y< %,0§z< ?a7|x|+|y| :a}. Shortly, all of the

points in this region satisfy the equation.

4
ii) Ifxza,y20,0§z<§aand |z| + |y| = a, we get 2a = 2a. Thus, the
solution set is

4
(z,y,2) |z =0a,y=0,0< 2z < §a7 lz| + |y| = a}. Shortly, all of the points in

this region satisfy the equation.

2 4
iii) Ifq::?a,y:%,0§z<gand|x|+\y|:athen2a:2a. So, all of

the points in this region satisfy the equation.

2 4
iv) If§a<x<a70<y<§,z:gaand|a:|—|—|y|:a, we obtain 2a = 2a.

So, all of the points in this region satisfy the equation.

Other values of z, y, z don’t satisfy Equation (13).

2 4
For Hy = (;,g,;), H; = (g,%,m) and P = (x,y,z), we obtain the
following equation:
4a

z — —

3

(5ol 4]z ol e ) =
5 " T T3V a—2z)=a
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Figure 6
a a a 2a 8a ) .
For H3 = (5’ 9 2“) s Hy = 3733 and P = (z,y, z) , we obtain the following
equation:
2 8
(15) (’x—;‘+‘y—;‘+|z—2a|)+(‘g—x‘+ ;—y'—i- ?)a—z) —a

2
For Hy = (;, ga’ 8;) , Hs = (0,a,4a) and P = (x,y, z), we obtain the following
equation:
a 2a 8a
(16) ‘m—g‘—k ey il iy + (|0 —z|+|a—y|+ [4a — 2|) = 2a.

Then the solutions of these equations can be obtained similarly.

Using the same techniques above in the second octant of the taxicab plane,

similar equalities for x,y, and z can be established ( for example; in case

a 2a 8a
T = 3 y = 33 < z < 4a ). Then conforming the properties about taxicab
geometry; namely, moving around the taxicab unit squares without go back, we
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can establish the taxicab helix curve. Thus, we can construct “The Main Taxicab
Helix Curve”.

The main helix curve in octants I and II is shown in Figure 6. In this figure,
both blue and red lines are taken as the main taxicab helix curve. And in Figure
7, the main helix curve with blue line in all octants where z > 0 is shown:

Pop oo e

B
—

b
T
!
i
|

e
-

Figure 7

Using the definition for a geodesic in [19], we can call the minimum distance sets

of the taxicab helix which we found above in Figure 8 called by “taxicab helical
regions” (see Figure 8).
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Now, we find the points of the octant IT of taxicab plane, as an example:
2
If we take 0 = % =3 again (then cotr 6 = 2) and the values of u from the

T 27TT 37TT 57TT

octant II, then we find points H;, ¢ = 5,6,7,8,9 for u = 53 1° 6

respectively. These points are following:

s Ty

—a 2a 16 -
Hs; =(0,a,2a), Hg = (—a,—a,—a), H; = (_a7c_z76a>7
(17) ) % 373 3 272
—2za Qa a
H = _— =, — H = \— 08 .
8 ( 3 a37 3 )7 9 ( a,y, CL)

Using the taxicab distance between the points Hs, Hg, H7, Hg, Hg, we will obtain
the minimum distance set about H; and H; ;.

Now, we want to obtain minimum distance set of Hs and Hg. Then we have to
solve the following equation;

(18) dr (H5,P)—|-dT (P,H(;) =dr (H5,H6)

—a 2a 16a

where 115 (070‘70’)? 6 <37373

> and P = (z,y, 2).
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Thus we get the following equation:

(19) (|x|+|y—a|+|z—2a|)+<'_3a—x +

2a | |16
3 3

) -t

Now we give the generalization about the minimum distance equation:
For H; = (1,91, 21) , Hiy1 = (22,Y2, 22) and P = (z,y, z) the minimum distance
equation is

(20) dr (H;, P) +dr (P,Hi41) = dp (H;, Higa)

and also for the values of z = ku = (a cotr 6)u,

(21) Zi=2zi1+ k(ul — Uifl)Z
where 6 = % is constant (so acoty 0 = 2a = k), up = 0 and zy = 0.

Similar generalizations can be found for other 6 constant taxicab angles.

Similarly, we can obtain the minimum distance set in all of the regions. For the
octant IT our sets are in the Figure 8.

2
In the octants IIT and IV of taxicab plane, taking 6 = o _ 3 again, we can

find similar results. These results are the taxicab helical regions again.

™
Now, let’s take constant angle § = MEA— Using some u angles in the octant I

of taxicab plane, we find the points of the helix.
So cotr @ = 1. Then the points are

20 a 2a a a
Hllz(aaovo)a H12: <37373>7 H13: (§7§7a)a
(22)
Hu= (222 %) Hy=(0,0,2a)
14 — 37373 ) 15 — ,a,204) .

With these points, we can obtain similar solutions again and these solutions are
also taxicab helical regions. Barely, the values of z will change, so the solution
sets obtained with these points will also be perpendicular regions. But the only
difference is the change of the z values will be the size of the regions to be formed;
so the smaller size perpendicular regions will be obtained.

20 a 2a

Hqi1 = (a,0,0) , Hio = <3, 3 3) and P = (z,y, z), the equation

_ da
E

Similar procedure can be used for octants II, IIT and IV and the solution sets
will be determined according to the change of the taxicab angle . Results for all
other constant values can be found for all regions by considering coty 8 of taxicab
angle @ as defined.

2a
— -z

a 2a
(23) (x—a+|y|+|z|>+(3 +]3_y‘+'3_2

is found.
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2.4. Curvature and torsion of the taxicab helix. The pitch of a helix is the
width of one complete helix turn, measured parallel to the axis of the helix. A
circular helix, (i.e. one with constant radius) has constant band curvature and
constant torsion. If it’s circling around the z—axis, the radius of it’s projection
onto the zy-plane is radius of a circle of radius a (see Figure 3) [8, 26].

Corollary 2.1. Let a be radius and k be the pitch of the taxicab helix and let ap be
a unit speed curve in taricab geometry. Then arp is a taxicab circular helixz if and
only if both its curvature and torsion are nonzero constants.

Proof. For any number a > 0 and k& = acotr § we compute curvature and torsion
of taxicab circular helix. So, if the method in [8] is used, curvature and torsion of
ar become as follow:

a acotr O
24 k= — P i S A
(24) a? + a? cot? 0 a? + a? cot? 0
and
tr 0
(25) T_acory cotp 6 = constant.

K a
Conversely, suppose that it has constant nonzero. So we get
K T
26 a=—"7 k=acoty 0 = —
( ) K/Q + 7_2 T KV2 + 7_2
(]

2.5. The Gauss curvature of taxicab plane. The taxicab plane which is equipped
with taxicab metric is a metrizable topological space. So, taxicab plane is a Haus-
dorff space. When the taxicab cylinder is opened, a subplane of taxicab plane in
R? is obtained. According to the subspace topology this subplane is a topological
subspace.

K. O. Sowell has introduced the iso-taxicab geometry in [24]. It is a new non-
Euclidean geometry. In [16], the Gauss Curvature of iso-taxicab geometry was
defined. So we can define the Gauss curvature of taxicab plane.

We consider the subset Cr = {(z,y): |z| + |y| = 1, z,y € R} of the analytic
plane. This set consists of all points P = (z,y) with taxicab distance 1 from
O = (0,0).

Considering the taxicab circle with radius 1, we can define the following polar
parametrization of taxicab plane.

If we change cosrv and sing v to tcosv and tsinv which is introduced in [3],

d
then — [t cosv] = —tsinv because
dv
tcosv = 7|OA| 08| cosv and tsinv = 7|OA| 05| sinv
041, 0B, 041,08,

where v is the angle between the vectors OA and OB and 0 < v < 7. Changing
cosy v and sing v to ¢t cosv and ¢ sin v, we can guarantee that Equation (29) is valid.
We need to indicate that Equations (30) and (31) are valid because

[t cosv| + |tsinv] =1

when the reference angle o = 0.
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Let v be the angle between the vectors given with the reference angle « as in [3]
and (u,v) be any point in R2.. We define the polar parametrization of (u,v) as

(27) © (u,0) = (P, Pu,) = (u.tcosv,u.tsinw).

Using this parametrization, let’s now compute the Gauss curvature.

Theorem 2.2. The Gauss curvature K of tazicab plane is 0.

Proof. Let (u,v) be any point in R2. If derivatives of taxicab trigonometric func-
tions in [3] are calculated, then from (27) we get

(28) oy (u,v) = (tcos v, tsinv)
and
(29) ©y (u,v) = (—u.tsinv, u.t cosv).
Since
leullp = dr(0, pu)
= pw |+ |l
= |tcosv|+ |tsinv|,
and
leolly = dr(0,¢0)
= lpv | + 10w,

= J|u.tcosv|+ |u.tsinv|
= Ju|(Jtcosv| + |tsinv])
by using (28), (29) and (5), we obtain

loullq = |tcosv| + |tsinv| =1,
lpollp = [ul (|t cosv| + [t sinv]) = |u].

Moreover, by using (28), (29) and (3) we get

(30)

(Pus @) = €1 |—u.tcosv.tsinv| + es |u.t cosv.tsinv| .

If (—tcosv.tsinv) < 0 then by (3) &g = —1 and e = 1 or e; = 1 and g2 = —1.
Thus, we obtain

(31) (Pus Po)p = — |u.tcosv.tsinv| + |u.t cosv.tsinv| = 0.

Therefore, {¢,, ¢, } is an orthogonal basis. If

(32) Er = ¢y
1

(33) E2 = —¥y
(3

then {F1, E>} becomes orthonormal. Let {1,065} be the dual base to {E;, E2}.
Thus,

Glzdu

(34) 6o = udv
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By using the first structural equations [22], we obtain connection 1-form as

w12 = dv. Hence

(35) df1 = w12 A Os
dly = way A 6.

So

(36) dwiz = 0.

We know that

(37) dwis = —K601 N0y

[22]. Using this fact, we get

(38) K=0

as desired. O
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